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Statistical tests for a non-established signal
(1.e. a “search”)

Consider a parameter u proportional to the rate of a signal
process whose existence is not yet established.

Suppose the model for the data includes both m and a set of
nuisance parameters 6.

To test hypothetical values of u , use profile likelihood ratio:

/ maximizes L for
specified u

K maximize L

G. Cowan Computing and Statistical Data Analysis / Stat 11



Test statistic for discovery
Try to reject background-only (u = 0) hypothesis using

(

—21n A(0) x>0
qo = 4

0 <0
That 1s, here we regard positive u as the relevant alternative, so
the critical region is taken to correspond to high values of .

Note that even though here physically u> 0, we allow

to be negative. In large sample limit its distribution becomes
Gaussian, and this will allow us to write down simple
expressions for distributions of our test statistics.
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Test statistic for upper limits

For purposes of setting an upper limit on u use

—2InA(pn) < p
4y = R
0 (>

Here we regard the relevant alternative to be low u, so we define
the critical region to correspond to low values of .
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Wald approximation for profile likelihood ratio

To find p-values, we need:  f(qo|0), f(q.|n)

For median significance under alternative, need: f(q,|/’)

Use approximation due to Wald (1943)

(pr — f1)? :
~2InA(p) = H 4 0(1/VN)
y N
[t ~ Gaussian(y/, o) sample size
Le., Elp) =1/
o from covariance matrix V', use, e.g..

vl g 0?In L
B 06;00
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Noncentral chi-square for —2InA(u)

If we can neglect the O(1/A\N) term, —2InA(u) follows a
noncentral chi-square distribution for one degree of freedom
with noncentrality parameter

_ N2
\ — (lu 21“’ )
o

/
-~

As a special case, if 4’ = uthen A =0 and -2InA(u) follows
a chi-square distribution for one degree of freedom (Wilks).
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Cowan, Cranmer, Gross, Vitells, arXiv:1007.1727, EPJC 71 (2011) 1554
Distribution of g, in large-sample limit

Assuming approximations valid in the large sample (asymptotic)
limit, we can write down the full distribution of ¢, as

Flaolp!) = (1 —d (%)) (q0) + f 1“ \/IT(\P {—é (\/‘1__ %/)2]

The special case u'= 0 1s a “half chi-square” distribution:

1 1 1 1
0 —qo /2
f(qo|0) = (q()) 5 7on q

In large sample limit, f(g,|0) independent of nuisance parameters;
f(qoln") depends on nuisance parameters through o.
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Cowan, Cranmer, Gross, Vitells, arXiv:1007.1727, EPJC 71 (2011) 1554

Cumulative distribution of g, significance

From the pdf, the cumulative distribution of g, 1s found to be

Flao) = (Vi - 12)
The special case u' =0 1s
F(q0|0) = q’(\/%)
The p-value of the u = 0 hypothesis 1s
po=1—F(ql|0)
Therefore the discovery significance Z 1s simply

Z=o"1-py) =@
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Example of a p-value
ATLAS, Phys. Lett. B 716 (2012) 1-29
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Cowan, Cranmer, Gross, Vitells, arXiv:1007.1727, EPJC 71 (2011) 1554

Distribution of g,

Similar results for g,

flaulp') = @ (ll,_ﬂ) (qu) + L ! (,/ (#_NI)Y
') = o(q, — exp | —— q, — ————=
1 I 1 1 ——

f((ln | ) = 5((1;1)

227 Vi

g

Flqu /)= (m_ M)

Pu = 1 — F(Q;t-“l’) =1-9® (\/q»u)
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Example of upper limits
ATLAS, Phys. Lett. B 716 (2012) 1-29

s £ ATLAS 2011-2012 Etto ]
-*é’ [ \s=7TeV:|Ldt=4.6-481" [ J+20 :
S | Vs=8Tev:/ildt=58591" — Observed g
~ | A e Bkg. Expected

O

S

p)

(@)

s CL, Limits —
110 150 200 300 400 500
m,, [GeV]

Not exactly what we described earlier as these are “CLs” limits;
see, e.g2., GDC, arXiv:1307.2487.
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Profile likelihood with b uncertain
This 1s the well studied “on/off” problem: Cranmer 2005;
Cousins, Linnemann, and Tucker 2008; L1 and Ma 1983,...
Measure two Poisson distributed values:

n ~ Poisson(s+b) (primary or “search” measurement)

m ~ Poisson(zb) (control measurement, 7 known)

The likelihood function is

-~ ¢
n! m!

L(S, b) — (S + b) e—(s-}-b) (Tb) —7b

Use this to construct profile likelihood ratio (b 1s nuisance

parmeter): L(0 lﬁ(O))

L(&,b)

A(0) =
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Ingredients for profile likelihood ratio

To construct profile likelihood ratio from this need estimators:

§ = n—m/T,
b = m/r
8(3) _ ndm-(+7)s+Vntm—(1+7)s)°+4(1+7)sm

2(1+171)
and 1n particular to test for discovery (s = 0),

n-+m
1+7
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Tests of asympotic formulae
Cowan, Cranmer, Gross, Vitells, EPJC 71 (2011) 1554; arXiv:1007.1727
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Figure 3: (a) The pdf f(go|0) for the counting experiment. The solid curve shows f(gp|0) from
Eq. (49) and the histograms are from Monte Carlo using different values of b (see text). (b) The
distributions f(qo|0) and f(qo|1) from both the asymptotic formulae and Monte Carlo simulation

based on s =10, b =10, 7 = 1.
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Tests of asympotic formulae
Cowan, Cranmer, Gross, Vitells, EPJC 71 (2011) 1554; arXiv:1007.1727
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Figure 5: (a) The pdfs f(g1]/1) and f(q1|0) for the counting experiment. The solid curves show the
formulae from the text, and the histograms are from Monte Carlo using s =6, b =9, 7 = 1. (b)
The same set of histograms with the alternative statistic g1. The oscillatory structure evident in the
histograms is a consequence of the discreteness of the data. The vertical line indicates the Asimov
value of the test statistic corresponding to p' = 0.
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Expected (or median) significance / sensitivity

When planning the experiment, we want to quantify how sensitive
we are to a potential discovery, e.g., by given median significance
assuming some nonzero strength parameter u .

So for p-value, need f(g,|0), for sensitivity, will need f(q,|u '),
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Expected discovery significance for counting
experiment with background uncertainty
I. Discovery sensitivity for counting experiment with 5 known:

S

(a) 7

(b) Profile likelihood 2( N <1 f) B )
ratio test & Asimov: (s+6)In{1+ b °

[I. Discovery sensitivity with uncertainty in b, o,
S

(a) \/b+ of

(b) Profile likelihood ratio test & Asimov:

1/2
(s +b)(b+ of) b? ots
[2((s+b)ln B+ (s 1 b)o? Ugln 1+b(b—|—a§)
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Counting experiment with known background

Count a number of events n ~ Poisson(s+b), where
s = expected number of events from signal,

b = expected number of background events.

To test for discovery of signal compute p-value of s = 0 hypothesis,

o0 bn
p=P(n2noslb) = Y —e " =1-Fa(2b;2ncbs)

N=MNghs

Usually convert to equivalent significance: Z = & (1 — p)
where @ 1s the standard Gaussian cumulative distribution, e.g.,
Z>5 (a5 sigma effect) means p <2.9 x107.

To characterize sensitivity to discovery, give expected (mean
or median) Z under assumption of a given s.
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s/\b for expected discovery significance

For large s + b, n — x ~ Gaussian(u,0) , u=s+ b, o= (s + b).

For observed value x_, p-value of s = 0 1s Prob(x > x| s = 0),:

Io)s_b
=t ()

Significance for rejecting s = 0 1s therefore

obs

- Tobs — b
Zo =@ (1 —po) = ]\fb

Expected (median) significance assuming signal rate s 1s
. S
median|[Zy|s + b] = —

Vb
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Better approximation for significance

Poisson likelihood for parameter s 1s

L(s) = BT o For now
" no nuisance
To test for discovery use profile likelihood ratio: 1‘3/arams.
—21In A(0) §>0, A
qO = A(S) _ L(S,AH(AS))
0 §<0. L(4,0)

So the likelihood ratio statistic for testing s = 0 1s

L(0)
L(3)

qgo = —21In = 2 (n ln% + b — n) for n > b, 0 otherwise
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Approximate Poisson significance (continued)

For sufficiently large s + b, (use Wilks’ theorem),

b

Zz\/2<nlnﬁ+b—n> for n > band Z = 0 otherwise.

To find median[Z]s], let n — s + b (i.e., the Asimov data set):

Za =\/2 ((s+b)ln(1+%> —s)

This reduces to s/\b for s <<b.
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n ~ Poisson(s+b), median significance,
assuming s, of the hypothesis s =0

CCGV, EPJC 71 (2011) 1554, arXiv:1007.1727
8

0

“Exact” values from MC,
jumps due to discrete data.

med[Z |1]
m.

Asimov \/qo, A good approx.
for broad range of s, b.

s/Nb only good for s « b.
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Extending s/\b to case where b uncertain

The intuitive explanation of s/Vb is that it compares the signal,
s, to the standard deviation of # assuming no signal, Vb.

Now suppose the value of b 1s uncertain, characterized by a
standard deviation o,.

A reasonable guess is to replace \b by the quadratic sum of
\b and g,, 1.€.,

S

This has been used to optimize some analyses e.g. where
g, cannot be neglected.

med[Z|s] =
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Profile likelihood with b uncertain
This 1s the well studied “on/off” problem: Cranmer 2005;
Cousins, Linnemann, and Tucker 2008; L1 and Ma 1983,...
Measure two Poisson distributed values:

n ~ Poisson(s+b) (primary or “search” measurement)

m ~ Poisson(zb) (control measurement, 7 known)

The likelihood function is

-~ ¢
n! m!

L(S, b) — (S + b) e—(s-}-b) (Tb) —7b

Use this to construct profile likelihood ratio (b 1s nuisance

parmeter): L(0 lﬁ(O))

L(&,b)

A(0) =
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Ingredients for profile likelihood ratio

To construct profile likelihood ratio from this need estimators:

§ = n—m/T,
b = m/r
8(3) _ ndm-(+7)s+Vntm—(1+7)s)°+4(1+7)sm

2(1+171)
and 1n particular to test for discovery (s = 0),

n-+m
1+7
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Asymptotic significance

Use profile likelihood ratio for g, and then from this get discovery
significance using asymptotic approximation (Wilks’ theorem):

Z = /B

- [~z (om [ ] o )

for n > b and Z = 0 otherwise.

Essentially same as 1n:

Robert D. Cousins, James T. Linnemann and Jordan Tucker, NIM A 595 (2008) 480
501; arXiv:physics/0702156.

Tipei Li and Yugian Ma, Astrophysical Journal 272 (1983) 317-324.
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Asimov approximation for median significance

To get median discovery significance, replace n, m by their
expectation values assuming background-plus-signal model:

n—s+b>b

m — tb

A = [—2 ((S +b)In [(iiil)(-::_)z)] +7bln [1 + a -:'r)b])rm

. - > b .
Or use the variance of b =m/t, V[b] =0 = — , to eliminate z:
T

2
LA

5
O

(s +b)(b+ of)
b2 + (s + b)o?

o2s

b(b+ of)

1+

I

A = [2 ((s—l—b) In
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Limiting cases

Expanding the Asimov formula in powers of s/b and
0,%/b (= 1/t) gives

S

Zp = (1+O(s/b) + O /b))

\/b—I—ag

So the “intuitive” formula can be justified as a limiting case
of the significance from the profile likelihood ratio test evaluated
with the Asimov data set.
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G. Cowan

med[Z|s]

Testing the formulae: s =15

8

5 s=93
c,/b=0.205

1 10
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10?

29



Using sensitivity to optimize a cut

(a) 720 S _ (b)
% — Z, Z : — signal
-—— background
£ 15k sl\’b+c§ 15
...... s=157 s=80
b=16 b=0.20
10F 1 |
\ > >
0.5
%20 20 80 80 100 % 20 20 60 80 100
Xeut X

Figure 1: (a) The expected significance as a function of the cut value zcy; (b) the distributions of
signal and background with the optimal cut value indicated.
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Bayesian model selection ( “discovery )

The probability of hypothesis /, relative to its complementary
alternative H, 1s often given by the posterior odds:

no Higgs ~_
P(Ho|z) _ P(x|Hp) y m(Hgp)
P(Hqi|lz) P(x|H1) =(H1)

-~ ! N

Bayes factor By, prior odds

Higgs

The Bayes factor is regarded as measuring the weight of
evidence of the data in support of H,, over H,.

Interchangeably use B,, = 1/B,
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Assessing Bayes factors

One can use the Bayes factor much like a p-value (or Z value).

There is an “established” scale, analogous to HEP's Sorule:

B Evidence against /1,

1to3 Not worth more than a bare mention
3 to 20 Positive

20 to 150 Strong

> 150 Very strong

Kass and Raftery, Bayes Factors, J. Am Stat. Assoc 90 (1995) 773.
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Rewriting the Bayes factor

Suppose we have models H,i=0, 1, ...,

each with a likelihood p(z|Hj, 0;)

and a prior pdf for its internal parameters 7;(6;)

so that the full prioris 7 (H;, ;) = p;m;(6;)

where p; = P(H;) is the overall prior probability for H..

The Bayes factor comparing H; and H; can be written

- P(H|T) /P<Hj|f>
Y P(H;) ! P(Hj)
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Bayes factors independent of P(/))

For B;; we need the posterior probabilities marginalized over
all of the internal parameters of the models:

P(H;|Z) = /P(H,,;,H_;-\f)d@- ~ UseBayes

theorem
| L(Z|H;,0;)pim;(6;) db;
P(x)
So therefore the Bayes factor 1s Ratio of marginal
likelihoods

- JL(&|H;, 0;)m(6;) db;
i — = = -
JL(Z|H;,0;)m;(0;)do;

B

The prior probabilities p. = P(H) cancel.
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Numerical determination of Bayes factors

Both numerator and denominator of Bl.j are of the form

m = / L(Z|0)w(8)dd ~—— ‘marginal likelihood’

Various ways to compute these, e.g., using sampling of the
posterior pdf (which we can do with MCMC).

Harmonic Mean (and improvements)
Importance sampling
Parallel tempering (~thermodynamic integration)

See €.2. Kass and Raftery, Bayes Factors, J. Am. Stat. Assoc. 90 (1995) 773-795.
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Harmonic mean estimator

E.g., consider only one model and write Bayes theorem as:

(6) 1s normalized to unity so integrate both sides,
posterior

/ expectation

p(8]x)dO = E,[1/L]

L

Therefore sample @ from the posterior via MCMC and estimate m
with one over the average of 1/L (the harmonic mean of L).

M.A. Newton and A.E. Raftery, Approzimate Bayesian Inference by the Weighted Like-
lihood Bootstrap, Journal of the Royal Statistical Society B 56 (1994) 3-48.
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Improvements to harmonic mean estimator

The harmonic mean estimator 1s numerically very unstable;
formally infinite variance (!). Gelfand & Dey propose variant:

Rearrange Bayes thm; multiply f(@)p(@x)  f(8)

both sides by arbitrary pdf [ 6): L(x|0)m(0) m

f(6) ]

Integrate over . m~ ) p(0]x) = [ L(x|0)x(8)

Lx|07r

Improved convergence if tails of f{ ) fall off faster than L(x|6)s(6)

Note harmonic mean estimator 1s special case f(0) = a( 6).

A.E. Gelfand and D.K. Dey, Bayesian model choice: asymptotics and ezact calculations,
Journal of the Royal Statistical Society B 56 (1994) 501-514.
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Importance sampling

Need pdf /(6) which we can evaluate at arbitrary 8 and also
sample with MC.

The marginal likelihood can be written

[ L(x|0)7(0)  [L(x[8)n(6)
m=[ 7(0) 10)d0 = 5y | 7(0) |

Best convergence when f{ 6) approximates shape of L(x|0)( 6).

Use for f(0) e.g. multivariate Gaussian with mean and covariance
estimated from posterior (e.g. with MINUIT).
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Bayes factor computation discussion

Also tried method of parallel tempering; see note on course web
page and also

Phil Gregory, Bayesian Logical Data Analysis for the Physical Sciences, Cambridge
University Press, 2005.

Harmonic mean OK for very rough estimate.
I had trouble with all of the methods based on posterior sampling.

Importance sampling worked best, but may not scale well to
higher dimensions.

Lots of discussion of this problem 1n the literature, e.g.,

Cong Han and Bradley Carlin, Markov Chain Monte Carlo Methods for Computing
Bayes Factors: A Comparative Review, J. Am. Stat. Assoc. 96 (2001) 1122-1132.
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