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Parameter estimation

The parameters of a pdf are constants that characterize
its shape, e.g.
f(w;0) = —e—x/ ’

/\

I.vV parameter

Suppose we have a sample of observed values: © = (x1,...,xn)

We want to find some function of the data to estimate the
parameter(s):

o(z) «— estimator written with a hat

Sometimes we say ‘estimator’ for the function of x, ..., x,;

no

‘estimate’ for the value of the estimator with a particular data set.
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Properties of estimators

If we were to repeat the entire measurement, the estimates
from each would follow a pdf:

_ Y best

large
variance

g(0;0)

biased

We want small (or zero) bias (systematic error): b= E[0] — 0

— average of repeated measurements should tend to true value.

And we want a small variance (statistical error): V0]

— small bias & variance are in general conflicting criteria
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An estimator for the mean (expectation value)

Parameter: p = Elz] = (z) = /_ B zf(z)dr

Estimator: g = Z T,

(‘sample mean’)

Wefind: b=FE[a]—p=0

0.2
Vil =" (o=
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An estimator for the variance

Parameter: o2 = V|z] = /oo (z — p)?f(z) dx

Estimator: o2 = y Z (z; —T)° = s (‘sample
e variance’)

We find:
b= E[c;\Q] — 02 =20 (factor of n—1 makes this so)

3 1 n—3
V[Oz]zg('aét_n—l

,ug) ,  where

pr = [ (&= )k f(@) da
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The likelihood function

Suppose the entire result of an experiment (set of measurements)
1s a collection of numbers x, and suppose the joint pdf for
the data x is a function that depends on a set of parameters 6

P(x|6)
Now evaluate this function with the data obtained and

regard 1t as a function of the parameter(s). This 1s the
likelihood function:

L(8) = P(x|0) (x constant)
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The likelihood function for 1.1.d.*. data

* 1.1.d. = independent and identically distributed

Consider n independent observations of x: x,, ..., x,, where
x follows f (x; 6). The joint pdf for the whole data sample is:

1=1

In this case the likelihood function is

L(0) = [ f(xi; 6) (x; constant)
i=1
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Maximum likelihood estimators

If the hypothesized 6 1s close to the true value, then we expect
a high probability to get data like that which we actually found.

8 6 & °
e e
S~ — log L=41 2 (ML fit) (&) S~ — logL=139 (b)
-~ log L=41 0 (true parameters) --- logL=189

4 4

2 2

o | o y BB

-02 0 02 0.4 06
X X

So we define the maximum likelthood (ML) estimator(s) to be
the parameter value(s) for which the likelihood 1s maximum.

ML estimators not guaranteed to have any ‘optimal’
properties, (but in practice they’re very good).
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ML example: parameter of exponential pdf

1
Consider exponential pdf, — f(t;7) = —e t/7
-

and suppose we have 1.1.d. data, t1,...,tn
L |
The likelihood function is L(7) = [[ —e /"
i=1"7

The value of 7 for which L(7) 1s maximum also gives the
maximum value of 1its logarithm (the log-likelihood function):

L) =S Infltgm) =Y (lnl_ﬁ)
1=1

i—=1 T T
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ML example: parameter of exponential pdf (2)

o : . In L
Find its maximum by setting 0 5 (7) =0,
T
1 n
— ; Z tz 1

J®

1=1

075

Monte Carlo test:
generate 50 values

05
using 7= 1:
025 |
We find the ML estimate:
O 11
52 — 1.062 0 1 2 3 4 5
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ML example: parameter of exponential pdf (3)

For the exponential distribution one has for mean, variance:

EM:A

> 1
t—e t/Tdt =1

T

> 1
V[t] = / (t—7)2=e Y7 dt =72
0 T

: 1 2
For the ML estimator 7= =) ¢;  we therefore find
n =

E[#]=E

V[#] =V

G. Cowan

DS Bl =7 —> b=E[f]-7=0

1=1

n n
1 3 1 3 T T
— tz' o ) V[tz] = — —) Or = —=
Z-:]. Z-:].
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Functions of ML estimators

Suppose we had written the exponential pdf as f(t;A) = Xe M
i.e., we use A= 1/7. What is the ML estimator for A?

For a function (with unique inverse) A(7) of a parameter 7, it
doesn’t matter whether we express L as a function of A or 7.

The ML estimator of a function A(7) is simply \ = A(T)

—1
1 n

Caveat: ) is biased, even though 7 is unbiased.

| =

So for the decay constant we have )\ =

n

Can show E[)\] = )

S (bias —0 for n — )
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Example of ML: parameters of Gaussian pdf

Consider independent x,, ..., x,, with x, ~ Gaussian (i,0%)

Fain,0?) = e (0007207
o

The log-likelihood function 1s

NL(wo?) = 3 In faipo?)
1=1

1=1
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Example of ML: parameters of Gaussian pdf (2)

Set derivatives with respect to i, 6 to zero and solve,
1 i 1 2
2 _ .
— o = — x; — :
- ; - Z (z; — 1)

We already know that the estimator for 1 1s unbiased.

n—1 .
But we find, however, E[0?] = ~ ~6?, so ML estimator
n

for o has a bias, but »—0 for n—o0. Recall, however, that

> 1 & 2
s° = > (@ — 1)

n—1,2

1s an unbiased estimator for o>.
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Variance of estimators: Monte Carlo method

Having estimated our parameter we now need to report its
‘statistical error’, 1.e., how widely distributed would estimates

be if we were to repeat the entire measurement many times.

One way to do this would be to simulate the entire experiment
many times with a Monte Carlo program (use ML estimate for MC).

For exponential example, from CREN!
sample variance of estimates Jm
we find: 100 %
o> = 0.151
Note distribution of estimates is roughly ~ | % ‘
Gaussian — (almost) always true for -
ML 1n large sample limit. "o o5 1 15
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Variance of estimators from information inequality

The information inequality (RCF) sets a lower bound on the

variance of any estimator (not only ML): . ,
Minimum Variance

9N 2 921n I, Bound (MVB)
sz(““%) /E[_ 962 ] (b= E[0] - 0)

Often the bias b 1s small, and equality either holds exactly or
1s a good approximation (e.g. large data sample limit). Then,

821In L
s f[EE

Estimate this using the 2nd derivative of In L at its maximum:

_1
18] = — (82In L)

062

-~

0=0
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Variance of estimators: graphical method

Expand In L (6) about 1ts maximum:

. [0InL _ 921In L _
InL(9)=InL(9)—|—[ 8”9 ]9 5(9—9)+%[ 89”2 ] (0-0)2+...
— ' 60=0

Firstterm1s In L., second term 1s zero, for third term use
information inequality (assume equality):
0 — 0)2
In L(0) =~ In Lmax — ( — )
2025

ie., InL(O+ G5) ~ IN Lmax —%

— to get 05, change O away from & until In L decreases by 1/2.
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Example of variance by graphical method

ML example with exponential:

?
AT_

AT_|_

—~

07

Q

1.062
0.137
0.165

AT~ A7 ~0.15

log L (1)

-52.5

-53

-53.5

-54

[ |
T-A% T+ AT
. - . *
.. E : ..............i#...... |Og Lmax -
" - ogL__ —1/2
I
0.8 1.2 14 1.6
T

Not quite parabolic In L since finite sample size (n = 50).

G. Cowan
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Information inequality for n parameters

Suppose we have estimated n parameters 0= (01,...,00).

The (inverse) minimum variance bound 1s given by the
Fisher information matrix:

9%1n L 9% 1n P(x|0)
I;=— = — | P(x|6 d
I [aez- aej] / (10) 55,50, — %

The information inequality then states that V' — I"! is a positive
semi-definite matrix, where V;; = cov([f;,0;]. Therefore

Vgl > (I Yy

Often use I"! as an approximation for covariance matrix
92

estimate using e.g. matrix of 2nd derivatives at maximum of L.
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Example of ML with 2 parameters

Consider a scattering angle distribution with x = cos 6,

A
> \)( _
1+ ax + Bx & P\ e

flx;a,B) =

2 +23/3 (N

I\

orifx . <x<x_ ., need always to normalize so that

max?

/xmax f(x;a,8)dr =1.

L'min

Example: o=0.5, 3=0.5,x_. =-095,x_ =0.95,

min > “Ymax

generate n = 2000 events with Monte Carlo.

G. Cowan Braga Data Science School / 25-27 March 2019 / Lecture 2

21



Example of ML with 2 parameters: fit result

Finding maximum of In L(¢, ) numerically (MINUIT) gives

—~ : 1 T T
a = O . 5 O 8 < —— Monte Carlo data

-- ML fit result

~ 08

B = 0.47

N.B. No binning of data for fit,
but can compare to histogram for
goodness-of-fit (e.g. ‘visual’ or y?). o2t

04 FI[fF~Y4--=3 .

. — 021In L .
(Co)variances from (V—1);; = — ~ (MINUIT routine
00;00; | g—g HESSE)
55 = 0.052 cov[a,B] = 0.0026
53 = 0.11 r = 0.46
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Two-parameter fit: MC study
Repeat ML fit with 500 experiments, all with n = 2000 events:

1

075

05

025

G. Cowan

|
0.25

|
0.75

~ & = 0.499
. L
L s, = 0.051
2 7 : B = 0.498
N sy = 0.111
1 0 0.25 05 075 1 N
; covlé, B = 0.0024
r = 0.42

© |

Estimates average to ~ true values;
(Co)variances close to previous estimates;
marginal pdfs approximately Gaussian.

|
0.25

05

|
0.75
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Theln L_,. — 1/2 contour

For large n, In L takes on quadratic form near maximum:

In L(a, B) ~ In Lmax
1 N2 (6-8\° 3\ (56— B
B o — — _2 <Oé—Oé> —
2(1—p?) {( o4 > +( o3 ) ’ e 98
The contour In L(«, 8) = In Lmax — 1/2 1s an ellipse:

1 (a—&>2+ B—p 22p<04—07> B-PB 1
(1—,02) oy JB 04 O'B
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(Co)variances from In L contour

0.7

06 | : The «, B plane for the first

MC data set
05 | truevalue — . -
a L ML fit result
<

04 \

03

.t InL(a,8) = InLmax — 1/2

| | |
0.3 0.4 05 0.6 0.7

o

— Tangent lines to contours give standard deviations.

— Angle of ellipse ¢ related to correlation: tan2¢ =

Correlations between estimators result in an increase
in their standard deviations (statistical errors).
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ML with binned data

N
Often put data into a histogram: 7@ = (nq,...,ny), ntet = »_ 7y
i=1
N
Hypothesisis 7= (v1,...,vN), tot = »_ v;  Where
i=1

vi0) = vot | f(a;0) da

bin<

If we model the data as multinomial (n,,, constant),

ni ny
. Ntot! V1 VN
£ 7) = — .( ) ( )
ni:-... NN \Ntot Ntot

N
then the log-likelihood function is: InL(F) = 3 n;Iny;(0) + C
i=1
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ML example with binned data

Previous example with exponential, now put data into histogram:

S 25
= — data
]
20 H --- ML fit to histogram
\
)
5 Lo 1 7 =1.07=+0.17
A
\
P A | (1.06 &= 0.15 for unbinned
\
\ 1L with same sample
s L N . ML witl pl
I I o e N
0 1 2 3 4 5

t

Limit of zero bin width — usual unbinned ML.

If n. treated as Poisson, we get extended log-likelihood:

N
In L(vtot, 0) = —vtot + > niInv;(viot, 0) + C
i=1
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Relationship between ML and Bayesian estimators

In Bayesian statistics, both 8 and x are random variables:
L(0) = L(f|9) — fjoint(ﬂe)

Recall the Bayesian method:

Use subjective probability for hypotheses (6);
before experiment, knowledge summarized by prior pdf 7(6);
use Bayes’ theorem to update prior in light of data:

L(Z|0)m(0)
[ L(Z6D (") db’

p(0]|T) =
/'

Posterior pdf (conditional pdf for 6 given x)
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ML and Bayesian estimators (2)

Purist Bayesian: p(60| x) contains all knowledge about 6.
Pragmatist Bayesian: p(60| x) could be a complicated function,

— summarize using an estimator 9Bayes

Take mode of p(0| x) , (could also use e.g. expectation value)

What do we use for 7(0)? No golden rule (subjective!), often
represent ‘prior ignorance’ by 7(6) = constant, in which case

eBayes = OmL

But... we could have used a different parameter, e.g., A =1/6,
and if prior 7,(6) is constant, then 7,(1) = 7,6(A)) |dF/d/| is not!
‘Complete prior ignorance’ is not well defined.

G. Cowan Braga Data Science School / 25-27 March 2019 / Lecture 2
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Priors from formal rules

Because of difficulties in encoding a vague degree of belief

in a prior, one often attempts to derive the prior from formal rules,
e.g., to satisfy certain invariance principles or to provide maximum
information gain for a certain set of measurements.

Often called “objective priors”
Form basis of Objective Bayesian Statistics

The priors do not reflect a degree of belief (but might represent
possible extreme cases).

In a Subjective Bayesian analysis, using objective priors can be an
important part of the sensitivity analysis.
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Priors from formal rules (cont.)

In Objective Bayesian analysis, can use the intervals in a
frequentist way, 1.e., regard Bayes’ theorem as a recipe to produce
an interval with certain coverage properties. For a review see:

Robert E. Kass and Larry Wasserman, The Selection of Prior Distributions by

Formal Rules, J. Am. Stat. Assoc., Vol. 91, No. 435, pp. 1343-1370 (1996).

Formal priors have not been widely used in HEP, but there 1s
recent interest in this direction; see e.g.

L. Demortier, S. Jain and H. Prosper, Reference priors for high
energy physics, arxiv:1002.1111 (Feb 2010)
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Jeffreys’ prior

According to Jeffreys’ rule, take prior according to

m(6) x \/det(1(0))
where

L(x|0) dx

I..(6) - — 0% In L(x|6) __/UzlllL(:lf|9)
WS 00,00, | 06,00 ;

1s the Fisher information matrix.

One can show that this leads to inference that 1s invariant under
a transformation of parameters.

For a Gaussian mean, the Jeffreys’ prior is constant; for a Poisson
mean U it is proportional to 1/V .
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“Invariance of inference” with Jeffreys™ prior

Suppose we have a parameter ¢, to which we assign a prior z,(60).
An experiment gives data x, modeled by L(6) = P(x|0).

Bayes’ theorem then tells us the posterior for 6:
P(0|z) o< P(xz|0)mg(0)

Now consider a function #(0), and we want the posterior P(#|x).

This must follow from the usual rules of transformation of
random variables:

P(n|z) = P(8(n)|z) |2

dn
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“Invariance of inference” with Jeffreys™ prior (2)

Alternatively, we could have just starting with # as the parameter
in our model, and written down a prior pdt z, (7).

Using it, we express the likelihood as L(#) = P(x|) and write Bayes’
theorem as

P(n|z) o< P(z|n)my,(n)

If the priors really express our degree of belief, then they must
be related by the usual laws of probability 7, (17) = 7/0(n)) |d6/dy|,
and 1n this way the two approaches lead to the same result.

But if we choose the priors according to “formal rules”, then this 1s
not guaranteed. For the Jeffrey’s prior, however, 1t does work!

Using 7,(0) ocV[(0) and transforming to find P(y|x) leads to
the same as using 7,(7) ocVI(N) directly with Bayes’ theorem.
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Jeffreys’ prior for Poisson mean

Suppose n ~ Poisson(u). To find the Jeffreys’ prior for w,

"7?.- 92
L(n|p) = i 0"Inl .

n! op? 12

() oc y/I(p) = —

So e.g. for 11 = s + b, this means the prior 7(s) ~ 1/N(s + b), which
depends on . But this is not designed as a degree of belief about s.
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The method of least squares

Suppose we measure N values, y,, ..., Yy,
assumed to be independent Gaussian
r.v.s with

Ely;] = Axs;0) .

Assume known values of the control
variable x,, ..., x,, and known variances

Vil = o7 .

We want to estimate 6, i.¢., fit the curve to the data points.

The likelithood function is

(0) IJ_V[ f(yi; 0) IJ_V[ /—1
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i L
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0

exp |—

(yi — Az 0))?

2
207;
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The method of least squares (2)

The log-likelihood function 1s therefore

N . 2
- — Xz 0
In L(0) = _1 E (s (;32 ) + terms not depending on 0
2 . 1
1=

g,

So maximizing the likelihood is equivalent to minimizing

N ( , . 2
XQ(Q) — Z ) 2’1,
i=1 i
Minimum defines the least squares (LS) estimator 0.

Very often measurement errors are ~Gaussian and so ML
and LS are essentially the same.

Often minimize y? numerically (e.g. program MINUIT).
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LS with correlated measurements

If the y, follow a multivariate Gaussian, covariance matrix V,

- 1
y, A\, V)= ex
9y ) (2m) N2V |1/2

1 . - L o
P —5(9 — A)TV 1(y —A)
Then maximizing the likelihood 1s equivalent to minimizing

N
X2(0) = 3 (yi— Az 0) (V1 (y; — M(xj; 0))
1,J=1
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Systematic uncertainties and nuisance parameters

In general our model of the data is not perfect:

model: p(x|f) = Oz

)

SR

=3
=

X

Can improve model by including

p(xz|0) — p(x|0,
additional adjustable parameters. p(x|0) = p(x|f,v)

Nuisance parameter < systematic uncertainty. Some point in the
parameter space of the enlarged model should be “true”.

Presence of nuisance parameter decreases sensitivity of analysis
to the parameter of interest (e.g., increases variance of estimate).
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Example: fitting a straight line

Data: (xz;,vy;,0;),i=1,...,n.

Model: y. independent and all follow y, ~ Gauss(u(x; ), o;)

,LL(CE, 907 91) — 90 + 01z,
assume x; and o; known.
Goal: estimate 6,

Here suppose we don’t care
about 0, (example of a
“nuisance parameter”)
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L
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Maximum likelihood fit with Gaussian data

In this example, the y; are assumed independent, so the
likelihood function 1s a product of Gaussians:

n 1 1 (y; — p(xy; g, 01))?
L(0g,01) = exp (—3 )
il;ll V2mo; 2 %2

Maximizing the likelihood is here equivalent to minimizing

v2(0p,601) = —21In L(0p, 01)+const = > (i M(xZQ 0,1)) .

i=1 g;

1.e., for Gaussian data, ML same as Method of Least Squares (LS)
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6, known a priori

| . — u(zy; 00,01))?
L(6g) = H exp _l(yz /L(ZUZQ 0,01)) .
=1 V2mo; 2 o;
. (y; — p(wg; 00, 01))2
v2(0p) = —2In L(0p)4const = > (i “(%2 0,61)) .
. o
1=1 ()
~ 105
T
For Gaussian y,, ML same as LS | 5 ,
| | -
. . . ) —~ 9.3 i
Minimize > — estimator 0, . 2 ‘
. 87T
Come up one unit from xai, e *
to find o O - 8T %,
0
7"?.26 1 .I28 T 1 .I3 1.32
8, %
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ML (or LS) fit of 6, and 6,

n . 2
- — u(x;: 0,0
\2(09,01) = —21n L0, 07)+const = 3 ¥~ 421 00, 01))7
i=1 g,
o o 0.11

Standard deviations from
tangent lines to contour 0.092F

2 2

X°=Xmint+ 1. 0.074 -
Correlation between 0.056

Ao, 01 causes errors 0.038 | o,

0
to 1Increase.
0.02 1 H 1 H 1 M |
T24 126 128 13 132 134

%
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[f we have a measurement ¢, ~ Gauss (6,, %)

1 2 /90 1 (yi — p(zi;60,61))
L(6o,6;) = ———e (1=0)%/29%, [
00 = o Hmo,,exp o?
(vi — (-vz,90,491))2 (t1 — 61)°
0p,01) =
X*(6o,61) = Z o2 T o7
o 011
0.092

The information on 6,
0.074

improves accuracy of 6 .

0.056 |-

0.038 —> «— O.
eO
0-02 1 H 1 H | - 1
1.24 1.26 1.28 13 132 1.34
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The Bayesian approach

In Bayesian statistics we can associate a probability with
a hypothesis, e.g., a parameter value 6.

Interpret probability of 8 as ‘degree of belief” (subjective).

Need to start with ‘prior pdf” m(0), this reflects degree
of belief about 8 before doing the experiment.

Our experiment has data x, — likelihood function L(x|6).

Bayes’ theorem tells how our beliefs should be updated in
light of the data x:

L(x[0)m(0)
[ L(z|0")w(0") do’

p(la) = x L(z|0)7(6)
Posterior pdf p(6| x) contains all our knowledge about 6.
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Bayesian method

We need to associate prior probabilities with 6, and 8,, e.g.,

m(00,01) = mo(bo) 71(01) ‘non-informative’, in any
7'('0(90) — const. — case much broader than L(t90>
2 2 .
m1(01) = %e_(el_tl) /2981« based on previous
Toh measurement
Putting this into Bayes’ theorem gives:
1 : 2 /5.2 1 —(01—t1)2 /202
—(yi—u(z;;00,01))</20; b —(01-t1)%/20;
p(90791|y) X H \/_O'Z ™0 \/ﬂgtle 1
posterior o< likelihood X prior
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Bayesian method (continued)
We then integrate (marginalize) p(6,, 6, | x) to find p(6, | x):
p(Oolz) = /p(90,91|$) doy .

In this example we can do the integral (rare). We find

1 —(0p0—00)? /202 .
p(Oplx) = e (00=00)%/273, with
V2moy,
o = same as ML estimator
09y = O, (same as before)

Usually need numerical methods (e.g. Markov Chain Monte
Carlo) to do integral.
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Digression: marginalization with MCMC

Bayesian computations involve integrals like
p(6ol2) = [ p(00, 61x) dby .

often high dimensionality and impossible in closed form,

also impossible with ‘normal’ acceptance-rejection Monte Carlo.

Markov Chain Monte Carlo (MCMC) has revolutionized
Bayesian computation.

MCMC (e.g., Metropolis-Hastings algorithm) generates
correlated sequence of random numbers:
cannot use for many applications, e.g., detector MC;

effective stat. error greater than if all values independent .

Basic idea: sample multidimensional @,
look, e.g., only at distribution of parameters of interest.
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MCMC basics: Metropolis-Hastings algorithm
Goal: given an n-dimensional pdf p(0) |

generate a sequence of points 51, 52, 53, .

Proposal density q(0; 50)
&g Gaussian centred

2) Generate 0 ~ q(g; 50) about g

1) Start at some point 50

3) Form Hastings test ratio a = min |1

p(6)q(fg; 0) ]
p(00)q(6; 0p)
4) Generate u ~ Uniform|0, 1]

5 If u<a«a, 01 = 0 , +— move to proposed point

else 1 = 60p +— old point repeated

6) Iterate
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Metropolis-Hastings (continued)

This rule produces a correlated sequence of points (note how
ecach new point depends on the previous one).

For our purposes this correlation 1s not fatal, but statistical
errors larger than 1f points were independent.

The proposal density can be (almost) anything, but choose
so as to minimize autocorrelation. Often take proposal
density symmetric: q(6; 0g) = q(6p; 0)

p(6)
p(6o)
Le. if the proposed step is to a point of higher p(6) , take it;

if not, only take the step with probability p(0) / p(0g) .
If proposed step rejected, hop 1n place.

Test ratio 1s (Metropolis-Hastings): o« = min |1,
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Example: posterior pdf from MCMC
Sample the posterior pdf from previous example with MCMC:

61 0.085 ¢

Q.08
0.085
0.08
0.075
0.07
0.065
0.06
0.055
0.05
0.045

180
160
140
120
160

80
60
40
20

0

LY AR LA LALRN AL LA LN LAY R

200
175
150
125
100
75
50
25

AN AR BAREI RN AN BAAE N LA AN AR W
LRk LA | | LARA| | LSRR |

] |- 11 1 L - I 11
1.25 1.275 1.3 1.325

L LAR AR RN AR AN RN RARN AR

oo

SN

My

1.25 1275 1.3

1.325

0o

0 0t Lali o Il Il
0.05 0.06 0.07 0.08

508
01
Summarize pdf of parameter of

interest with, e.g., mean, median,
standard deviation, etc.

Although numerical values of answer here same as in frequentist
case, interpretation is different (sometimes unimportant?)

G. Cowan
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Bayesian method with alternative priors

Suppose we don’t have a previous measurement of 6, but rather,
€.g., a theorist says it should be positive and not too much greater
than 0.1 "or so", 1.e., something like

1
71(01) = _e

1/ 9y >0, 7=0.1.

From this we obtain (numerically) the posterior pdf for 6,:

40

P(6,ly)

32

24 -

16

G. Cowan

—1=0.1
----- t=0.01
-—1=0.001

This summarizes all
knowledge about 6,.

_— Look also at result from
variety of priors.

0 Laazem®” 1 1
12 1.25 13 1.35

14

145
e0
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