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Statistical Data Analysis
Lecture 10-1

e Upper limits on a Poisson rate parameter

— Frequentist approach

— Bayesian approach
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Frequentist upper limit on Poisson parameter

Consider again observing n ~ Poisson(s + b), with both s, 5 > 0.
Suppose b =4.5, n,,, = 5. Find upper limit on s at 95% CL.
Relevant alternative is s = 0 (critical region at low n)

p-value of hypothesized s is P(n <n; s, b)

Upper limit s, at CL =1 — a found from

Nobs b n
o = P(n S [ T Sup,b) — Z (Sup -I'_ ) e—(Sup+b)
n.
n=>0

1
sup = 5P (1 — 05 2(ngps +1)) — b

.
SF 1(0.95;2(5 + 1)) — 4.5 = 6.0
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n ~ Poisson(s+b): frequentist upper limiton s

For low fluctuation of n, formula can give negative result for s,,;
i.e. confidence interval is empty; all values of s >0 have p, < a.

-
N
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-
o

Sup (CL
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6 events observed
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Limits near a boundary of the parameter space

Suppose e.g. b =2.5 and we observe n = 0.

If we choose CL= 0.9, we find from the formula for s,
sup = —0.197 (CL = 0.90)

Physicist:
We already knew s > 0 before we started; can’t use negative
upper limit to report result of expensive experiment!

Statistician:
The interval is designed to cover the true value only 90%
of the time — this was clearly not one of those times.

Not uncommon dilemma — note probability to reject very small s
(to which one has no sensitivity) is slightly greater than a.
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Expected limit for s =0
Physicist: | should have used CL = 0.95 — then s, = 0.496

Even better: for CL=0.917923 we get s, = 107!

Reality check: with b = 2.5, typical Poisson fluctuation in n is
at least V2.5 = 1.6. How can the limit be so low?

Look at the mean limit for the no- —
signal hypothesis (s = 0) sensitivity). _

Distribution of 95% CL limits
withb=2.5,s=0. 5
. . _ / |
Mean upper limit =4.44 ] ”
|(|)| I éll |1|[|]'I|A LI1|5II

S
Report both observed and expected limits; HP

other types of limits (Bayesian, CLs, F-C) can mitigate the issue.
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The Bayesian approach to limits

In Bayesian statistics need to start with ‘prior pdf’ z(6), this
reflects degree of belief about 6 before doing the experiment.

Bayes’ theorem tells how our beliefs should be updated in
light of the data x:

p(z|0)7(6)
[ p(z]0)m(6)do p(x|0)m(6)

p(0|r) =

Integrate posterior pdf p(60|x) to give interval with any desired
probability content.

For e.g. n ~ Poisson(s+b), 95% CL upper limit on s from

Sup
0.95 = / p(s|n) ds

— 00
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Bayesian prior for Poisson parameter

Include knowledge that s > 0 by setting prior z(s) = 0 for s <O0.

Could try to reflect ‘prior ignorance’ with e.g.

1 s>0
m(s) = .
{O otherwise

Not normalized; can be OK provided p(n|s) dies off quickly for large s.

Not invariant under change of parameter — if we had used instead a
flat prior for a nonlinear function of s, then this would imply a non-
flat prior for s.

Doesn’t really reflect a reasonable degree of belief, but often used as
a point of reference; or viewed as a recipe for producing an interval
whose frequentist properties can be studied (e.g., coverage
probability, which will depend on true s).
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Bayesian upper limit with flat prior for s

Put Poisson likelihood and flat prior into Bayes’ theorem:

(s +9) e—(s"'b)xl, s>0

p(sin) o p(nls)m(s) = °—

Normalize to unit area:

(5 4 b)me(s10)

p(s|n) =
['(b,n+1) —__ upperincomplete
gamma function
Upper limit s, determined by P (51n) CL=1-%

| s
l—a:/O Pp(s|n)d5 /////
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Bayesian interval with flat prior for s
Solve to find limit s,
[
Sap = zsz p,2(n+1)]—b
where
p=1-a (1 —F,2[2b,2(n+ 1)])

For special case b = 0, Bayesian upper limit with flat prior

numerically same as one-sided frequentist case (‘coincidence’).
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Bayesian interval with flat prior for s

For b > 0 Bayesian limit is everywhere greater than the (one
sided) frequentist upper limit.

Never goes negative. Doesn’t depend on b if n =0.
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Statistical Data Analysis
Lecture 10-2

e Discussion on Bayesian prior probabilities
e Jeffreys’ prior

e Example: Poisson mean
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Priors from formal rules

Last time we took the prior for a Poisson mean to be constant to
reflect a lack of prior knowledge; we noted this was not invariant
under change of parameter.

Because of difficulties in encoding a vague degree of belief

in a prior, one often attempts to derive the prior from formal rules,
e.g., to satisfy certain invariance principles or to provide maximum
information gain for a certain set of measurements.

Often called “objective priors”
Form basis of Objective Bayesian Statistics

The priors do not reflect a degree of belief (but might represent
possible extreme cases).

In Objective Bayesian analysis, can use the intervals in a
frequentist way, i.e., regard Bayes’ theorem as a recipe to produce
an interval with a given coverage probability.
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Priors from formal rules (cont.)

For a review of priors obtained by formal rules see, e.g.,

Robert E. Kass and Larry Wasserman, The Selection of Prior Distributions by

Formal Rules, J. Am. Stat. Assoc., Vol. 91, No. 435, pp. 1343-1370 (1996).

Formal priors have not been widely used in Particle Physics, but
there has been interest in this direction, especially the reference

priors of Bernardo and Berger; see e.g.

L. Demortier, S. Jain and H. Prosper, Reference priors for high
energy physics, Phys. Rev. D 82 (2010) 034002, arXiv:1002.1111.

D. Casadei, Reference analysis of the signal + background model
in counting experiments, JINST 7 (2012) 01012; arXiv:1108.4270.
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Jeffreys prior

According to Jeffreys’ rule, take prior according to

7(0) x \/det(1(8))

where

52 lnP(X|9)] _ 0? In P(x|0) P(x|0) dx

I;;(0) = —E
(9) [ 00,00 00,00
is the Fisher information matrix.

One can show that this leads to inference that is invariant under
a transformation of parameters in the following sense:

Start with the Jeffreys prior for 0:  m,(0) ~ V(det 1(0))

Use it in Bayes’ theorem to find:
P(0|x) o< P(x|0)my(0)
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Jeffreys prior (2)

Now consider a function #(6). The posterior for 7 is

do

P(nfx) = PO)x) |-

Alternatively, start with # and use its Jeffreys’ prior:

(1) o< \/det I(n)

Use this in Bayes’ theorem:  P(n|x) o< P(x|n)m,(n)

One can show that Jeffreys’ prior results in the same P(#|x) in
both cases. For details (single-parameter case) see:
http://www.pp.rhul.ac.uk/~cowan/stat/notes/JeffreysInvariance.pdf
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Jeffreys prior for Poisson mean
Suppose n ~ Poisson(u). To find the Jeffreys’ prior for u,

pt 0%1n P(n n
P(n|p) = —e™# g ©) S
n! ou v

r--g|

1
m(p) o\ I(p) = NG

So e.g. for i = s + b, this means the prior z(s) ~ 1/\(s + b), which
depends on b. But this is not designed as a degree of belief about s.

0%1n P(n|u)] _ En] 1
Ou?
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Posterior pdf for Poisson mean

From Bayes’ theorem, p(uln) oc e #m(p)

0.25 -

0.20 -

0.15-

p(u[n)

0.10-

0.05 1

0.00 -

—— Flat prior Flat’ 71'(/1) B

—— Jeffreys prior
n=3

p(pln) =

5 5 5 w0 plun)=

const.

pre

['(n+1)

Jeffreys, n(u) ~ 1/\u

pr2emt

I'(n+ 1)

In both cases, posterior is special case of gamma distribution.
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Upper limit for Poisson mean

To find upper limit at CL = 1—a, solve

Hup
I—a =/0 p(uln) du

Jeffreys prior: Hup = P_l(n +4,1—a) =7.03
AN n=3,
Flat prior:  pyp = P_l('n, +1,1 —«a) =7.75 <~ CL=0.95

where P! is the inverse of the normalized lower incomplete
gamma function (see scipy.special)

P(a )——1 " etemn g
RO S
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Statistical Data Analysis
Lecture 10-3

e Systematic uncertainties and nuisance parameters

e Profile likelihood
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Systematic uncertainties and nuisance parameters

In general, our model of the data is not perfect:

model: P(IL'l/,l,) = ux
_--" truth: P(J}l/j,) = ux + a$2 + ,8563 4 ...

P (x|w)

Can improve model by including
P — P(x|u, 0
additional adjustable parameters. (zln) (z|p, 0)

Nuisance parameter < systematic uncertainty. Some point in the
parameter space of the enlarged model should be “true”.

Presence of nuisance parameter decreases sensitivity of analysis
to the parameter of interest (e.g., increases variance of estimate).
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Example: fitting a straight line

Data: (miayiao-’i) 77:: 17"'7”'

Model: y;independent and all follow y; ~ Gauss(u(x; ), o;)

,LL($, 907 91) — 00 + (9133 9
assume x; and o; known.

Goal: estimate 6,

Here suppose we don’t care
about @, (example of a
“nuisance parameter”)

G. Cowan / RHUL Physics

1.8
* data
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X
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Maximum likelihood fit with Gaussian data

In this example, the y; are assumed independent, so the
likelihood function is a product of Gaussians:

n 1 1 (y; — p(xy; g, 01))?
L(0g,01) = exp [—3 )
Z.l;Il V2mo; 2 07;2

Maximizing the likelihood is here equivalent to minimizing

2 (y; — pxi; 00, 01))?
v (0p,01) = —21In L(6g, 01)4const = > (i M(%’Q 0,91)) .

i=1 g;

i.e., for Gaussian data, ML same as Method of Least Squares (LS)
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6, known a priori

| ' . — u(wy; 00,01))?
=1 V27mo; | 2 o;
2 (y; — p(zi; 00, 01))?
i=1 94
2109 i i i
%
For Gaussian y;, ML same as LS > | ,
93- | | !
Minimize y?> — estimator 4 . 2. 1
Come up one unit from x2,, Th *
to find oy . s %
0
7‘?26 1 .I28 4 1 .I3 1.32
8 %
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ML (or LS) fit of 6, and 0,

n (y; — p(z; 00, 01))?

x°(00,01) = —21In L(6g,01)+const = Y 5
1=1 7
o o 0.11

Standard deviations from
tangent lines to contour 0.092

2 2
X° = Xmin T 1. 0.074 |
Correlation between 0.056 -

0o, 61 causes errors 0.038 - .« o, -

0
to increase.
0'02 1 H 1 H 1 M |
24 126 128 13 132 134
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If we have a measurement ¢, ~ Gauss (6, ;)

1 (yi — p(z4;60,01))>

exp [
1V 27r(7z o 22

L(6.61) = —le ~(-0?/27}, H

y‘t -EZ>90)91 2 tl 01 2
i=1 t

0.092 |

The information on 6,
0.074

improves accuracy of 6 .

0.056 |-

0.038 - — «— O

0 02 1 . 1 L | - 1
1.24 1.26 1.28 13 1.32 1.34
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Profiling

The InL =InL, ., — 2 contour in the (6,, 6,) plane is a confidence
region at CL = 39.3%.

Furthermore if one wants to know only about, say, 6,, then the

interval in 6, corresponding to InL =1InlL ., — 2 is a confidence
interval at CL = 68.3% (i.e., =1 std. dev.).

l.e., form the interval for 6,

) 6
using L
: B, (4)
In L(Qo, 91(90)) —In Lmax — 1/2
A
where 0, is replaced by its 8, (b)
“profiled” value

A
A

91 (90) = argmax L(eo, 91)
01
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Profile Likelihood

Suppose we have a likelihood L(u,0) = P(x|u,0) with N
parameters of interest u = (u,,..., () and M nuisance parameters
0=(0,,..., 0,). The “profiled” (or “constrained”) values of @ are:

0(p) = argmax L(y, )
V)

and the profile likelihood is:  L,(p) = L(ps, 5)

The profile likelihood depends only on the parameters of
interest; the nuisance parameters are replaced by their profiled
values.

The profile likelihood can be used to obtain confidence
intervals/regions for the parameters of interest in the same way
as one would for all of the parameters from the full likelihood.
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Profile Likelihood Ratio — Wilks theorem

Goal is to test/reject regions of u space (param. of interest).

Rejecting a point # should mean p, < a for all possible values of the

nuisance parameters 6.

Q»

L(p,
L(f,

)
)

Let 7, = —2InA(u). Wilks’ theorem says in large-sample limit:

Test u using the “profile likelihood ratio”: A(p) =

>

t,, ~ chi-square(NV)

where the number of degrees of freedom is the number of
parameters of interest (components of u). So p-value for u is

Dy = / Ftulp0) dty = 1= Fa (t000)
t

w,obs
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Profile Likelihood Ratio — Wilks theorem (2)

If we have a large enough data sample to justify use of the
asymptotic chi-square pdf, then if u is rejected, it is rejected for
any values of the nuisance parameters.

The recipe to get confidence regions/intervals for the parameters
of interest at CL = 1 — a is thus the same as before, simply use the
profile likelihood:

1
~F5'(1—- )

In L = In Lyyax —
n Ly(p) n 25%2,

where the number of degrees of freedom N for the chi-square
guantile is equal to the number of parameters of interest.

If the large-sample limit is not justified, then use e.g. Monte
Carlo to get distribution of #,.
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Statistical Data Analysis
Lecture 10-4

e Bayesian parameter estimation
e Marginalization of posterior pdf

e Markov Chain Monte Carlo
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Reminder of Bayesian approach
In Bayesian statistics we can associate a probability with
a hypothesis, e.g., a parameter value 6.
Interpret probability of 8 as ‘degree of belief’ (subjective).

Need to start with ‘prior pdf’ 7(60), this reflects degree
of belief about 6 before doing the experiment.

Our experiment has data x, — likelihood p(x|6).

Bayes’ theorem tells how our beliefs should be updated in
light of the data x:

p(z|0)7(6)
J p(x|0)n(6) do

Posterior pdf p(6|x) contains all our knowledge about 6.

p(0|z) =

o p(z|0)7(6)
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Bayesian approach: y. ~ Gauss(u(x;;60,,0,), o,)

We need to associate prior probabilities with 6, and 6,, e.g.,

(0o, 01) = m0(0o)m1(01) «— suppose knowledge of 0, has
no influence on knowledge of 6,

mo(6p) = const. < ‘non-informative’, in any
case much broader than L(6,)

1

m1(01) = p(O1|t1) o< p(t1]01)mur(61) = e~ (t1=01)?/207 o const.
1(01) ;( 1]t1) o< p( 11/)U( 1) Nor ™

prior after 7,, Ur = “primordial” Likelihood for control
before y prior measurement ¢,
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Bayesian example: y; ~ Gauss(u(x;6,,6,), 0;)

Putting the ingredients into Bayes’ theorem gives:

. n 1 ot (s 2 /5,2 1 —(01—t1)2/202
0 ,0 (yi—u(z;;00,01)) /201 S 17" 5]
p(0o, 01]7) e T o,
posterior « likelihood X prior

Note here the likelihood only reflects the measurements y.

The information from the control measurement ¢, has been put
into the prior for 6,.

We would get the same result using the likelihood P(y.t|6,,0,) and
the constant “Ur-prior” for 6.

Here posterior only found as a proportionality.
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Marginalizing the posterior pdf

We then integrate (marginalize) p(6,,0,|y) to find p(6,|y):

p(Boly) = / D60, 01ly) d6:

In this example we can do the integral (rare). We find
1 —(00—00)2 /20,2
6o — e 90
p(foly) mon,

éo = same as MLE

0gy = 0p,  (same as for MLE)

For this example, numbers come out same as in frequentist
approach, but interpretation different.
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Marginalization with MCMC

Bayesian computations involve integrals like

p(6ol2) = [ p(6o, 01| db1 .

often high dimensionality and impossible in closed form,

also impossible with ‘normal’ acceptance-rejection Monte Carlo.

Markov Chain Monte Carlo (MCMC) has revolutionized
Bayesian computation.

MCMC (e.g., Metropolis-Hastings algorithm) generates
correlated sequence of random numbers:

cannot use for many applications, e.g., detector MC;
effective stat. error greater than if all values independent.

Basic idea: sample multidimensional @ but look only at
distribution of parameters of interest.

G. Cowan / RHUL Physics Statistical Data Analysis / lecture week 10
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MCMC basics: Metropolis-Hastings algorithm

Goal: given an n-dimensional pdf p(#) up to a proportionality
constant, generate a sequence of points 8, 0,, 0;,...

. Proposal density ¢(6; 6,)
1) Start at some point 0 e.g. Gaussian centred

S - o about 0,
2) Generate 0 ~ q(0; 0p)

1

3) Form Hastings test ratio o = min p(0)q(6o;0) ]

" p(00)q(0; 6p)

4) Generate u ~ Uniform[0, 1]
5) f u<a, 0= 5, «— move to proposed point

else 01 = 6y <+— old point repeated

6) lterate
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Metropolis-Hastings (continued)

This rule produces a correlated sequence of points (note how
each new point depends on the previous one).

Still works if p(8) is known only as a proportionality, which is

usually what we have from Bayes’ theorem: p(8|x) x p(x|0)r(0).

The proposal density can be (almost) anything, but choose
so as to minimize autocorrelation. Often take proposal
density symmetric: q(@; 6,) = q(8,; 0)

p(6)
p(6o)
l.e. if the proposed step is to a point of higher p(8), take it;

if not, only take the step with probability p(8)/p(8,).
If proposed step rejected, repeat the current point.

Test ratio is (Metropolis-Hastings): o = min |1,

Statistical Data Analysis / lecture week 10
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Example: posterior pdf from MCMC

Sample the posterior pdf from previous example with MCMC:

91 0.095

0.09
0.085
0.08
0.075
0.07
0.065
0.6
0.055
0.05

0.045 b

180
160
140
120
1C0
80
60
40
20
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.25 12795 1.5 1325
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| |

(B! 1

6 1.25 1275 1.3 1.325

0o

200
175
150
125
100

SRR LARA RARAIRALRE AR RAAARLARLE RARA B

b | NI A

1 | 1 1 nL\lnl
0.05 0.06 0.07 0.08 G.0%

01

Normalized histogram of 6, gives
its marginal posterior pdf:

p(boly) = / P60, 61ly) d6:
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Bayesian method with alternative priors

Suppose we don’t have a previous measurement of 6, but rather,
an “expert” says it should be positive and not too much greater
than 0.1 or so, i.e., something like

1
7T1(91)=;6_91/T, 60 >0, 7=0.1.

From this we obtain (numerically) the posterior pdf for 6,:

— 40

>

= —1=0.1

a | - 1=0.01
B 120001

This summarizes all
knowledge about 6,,.

24 -

16

Look also at result from
/ . .
variety of priors.

8_

0 b & e
12 1.25 13 135 14 145

%
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Extra slides
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Extra exercise: Bayesian parameter estimation

A bonus exercise on Bayesian parameter estimation is at
https://www.pp.rhul.ac.uk/~cowan/stat/exercises/bayes
The exercise is described in the file bayes_fit_exercise.pdf.

The program is in bayesFit.py or bayesFit.ipynb

Acknowledgements: thanks to Greg Ashton and Asher Kaboth for
their valuable input.
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Gaussian signal on exponential background

Same pdf as from mlFit.py (prob sheet 8) with n =400
independent values of x from

1 2 /92 1
) =6 —(@=n)*/20% | (1 _ g)Ze%/¢
falX) = 0——e (1-6)ge

Posterior pdf for parameters 4 = (0, u, o, &) from Bayes theorem,
p(Alx) o p(x|A)m(A), where  p(x|A) = [] £(:l)
=1

At first take prior pdf constant for all parameters subject to
0<6<1,0>0,¢&>0 (later try different priors).
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Data and MAP estimates

Maximize posterior with minuit (minimize — In p(4/x)).

, Standard deviations from
0.16 1 MAP Estimators ) ]
minuit correspond to
0.14 - 6 = 0.1979+0.0816 . . .
: approximating posterior as
0.12] W =9.3093x0.7853 Gaussian near its peak.
0= 2.3472+x0.7197 ]
_ 0107 Here priors constant so
é & =5.0546+0.7553 .
0.081 MAP estimates same as
0.06 MLE, covariance matrix
004 V; = cov[0, 0] also same.
0.02 1
0.0 NN AN A A RO mtR ,
0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0

X
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MCMC trace plots

Take 6 as parameter of interest, rest are nuisance parameters.

Marginalize by sampling posterior pdf with Metropolis-Hastings.

’

0

(N5

7.5
5.0
2.5

0 2000
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4000 6000 8000 10000
iteration number

4th KMI School, Nagoya / Tutorial material

Gaussian proposal pdf,
covariance U= sV,
s = (2.38)*/N,,,, = 1.41,

gives acceptance
probability ~ 0.24.

Here 10000 iterations
(should use more).
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Marginal distributions

MAP estimates shown with vertical bars

Note long tails.

Interpretation: data
distribution can be
approximated by
Gaussian term only,
(0 large, u small) with
large width (o ~ 4-8)
5 0.25 and a narrow
exponential (& ~ 1-3).

S 0.25
a

£ ()
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Autocorrelation versus lag

MCMC samples are not independent, autocorrelation function
= correlation coefficient of sample x; with x;,; as a function of
the lag, [, where x = any of 6, u, o, ¢ minus its mean:

1.0
S TT— ACF = - i DTt
Ol = —
2

0.0 | | | | | | | N — o
_ 1.0
510,5-\ Effective sample size
<

y Ng=— N
s [T 1 12T, ACKH;
= 0.5
<

0.0

1.0+ In stat. error estimates
0.5 \ 1 1
00 T T T T T T T
0 25 50 75 100 125 150 175 200 VN Nest
lag
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Auxiliary measurement for ¢

Suppose we have an auxiliary measurement u ~ Gauss(c, 0,)
with 6, = 0.5 and we observe u = 3.

Build into likelihood:  p(x, u|A) = ——e~(#—9)°/20% H F(zi|N)

vV 27rau

Marginals closer to Gaussian, ACF falls more quickly to ~zero.

pdf

ACF[6]
o
U
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Ways to summarize the posterior

Mean or mode +/- standard deviation

Similar to what is done with frequentist MLE (same numbers
emerge in large-sample limit)

Standard deviation from MCMC sample or from
approximating core of posterior as Gaussian (from minuit)

Median and central credible intervals
Equal upper and lower tail areas, e.g., a/2 for CL=1 - a.
Median or mode with HPD (highest probability density) interval

Gives shortest interval for given probability content.

Not invariant under transformation of parameter.
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Types of intervals

HPD = Highest Posterior Density

Equal tail (central) from posterior x(\| x)

Classical (frequentist)

|
|
|
|
!
1

1
! A
0 s || 1.5
} Classical
| | !
'-}———-HPD———-J !
u |
L——-Equal tail -——-

G. Casella and R. Berger, Statistical Inference, 2002
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Correlation plots and marginal distributions

2_
0 . Estimates/intervals for theta:
0.0 0.5 1.0 Posterior mode (MAP estimate) = 0.1979
Posterior mean = 0.3326
10 - Posterior median = 0.2434
. MAP +/- sigmaMAP (from minuit) = [0.1163, ©.2795]
5 0.2 1 Posterior mean +/- sigmaMCMC = [0.1167, 0.5485]
68.3% central credible interval = [0.1586, 0.6226]
0- 68.3% HPD interval = [0.0983, 0.3604]
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0.0 0.5 1.0 0 10
10 10
54 5 4 0.2 1
’ N
0 T 0 T T O.o T
0.0 0.5 1.0 0 10 0 5 10
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0.0 0.5 1.0 0 10 0 5 10 0 5 10
6 M o 3
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Correlation plots and marginal distributions

5-0_ L] L] L]
using auxiliary measurement for ¢
2.5 1
0.0 . Estimates/intervals for theta:
0.0 0.5 1.0 Posterior mode (MAP estimate) = 0.2001
Posterior mean = 0.2234
10 - Posterior median = 0.2153
b 0.4 MAP +/- sigmaMAP (from minuit) = [0.1284, 0.2717]
. ' Posterior mean +/- sigmaMCMC = [0.1516, 0.2951]
0.2 1 68.3% central credible interval = [0.1557, 0.2872]
0- ' 68.3% HPD interval = [0.1415, 0.2688]
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