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Abstract

A method to perform unfolding with Gaussian processes (GPs) is presented. Using Bayesian regression, we define an
estimator for the underlying truth distribution as the mode of the posterior. We show that in the case where the bin
contents are distributed approximately according to a Gaussian, this estimator is equivalent to the mean function of
a GP conditioned on the maximum likelihood estimator. Regularisation is introduced via the kernel function of the
GP, which has a natural interpretation as the covariance of the underlying distribution. This novel approach allows for
the regularisation to be informed by prior knowledge of the underlying distribution, and for it to be varied along the
spectrum. In addition, the full statistical covariance matrix for the estimator is obtained as part of the result. The
method is applied to two examples: a double-peaked bimodal distribution and a falling spectrum.

Keywords: unfolding, Gaussian process

1. Introduction

Experimental measurements are distorted and biased
by detector e↵ects, due to limitations of the measuring in-
strument and procedures. The need to infer the underlying
distribution using the measured data is shared by variety
of fields, from astronomy [1] and medical applications [2]
to the investigation of the parameters that describe oil well
properties [3].

In most of these fields, these techniques are called de-

convolution or restoration [4]. They are used to solve what
is defined as the inverse problem: to infer an unknown
function f(x) from the measured data, using knowledge
and assumptions of the distortions.

In particle physics such techniques are known as un-

folding and a variety of methods have been developed for
this purpose (for some reviews see Refs. [5, 6, 7]).

In this paper, a novel Bayesian method to perform un-
folding in particle physics is proposed. We use an approach
that “gives prior probability to every possible function” via
Gaussian process regression [8], where higher probabilities
are assigned to functions that are considered to agree with
the observations. This approach allows greater flexibil-
ity than unfolding schemes based on a set of parametrised
functions belonging to a specific class. In addition, it is
shown to have a locally tunable regularisation scheme in
terms of the variable to be unfolded.

In Sec. 2, we define the unfolding problem and the
notation for approximately Gaussian-distributed datasets.
Sec. 3 discusses the solution to the unfolding problem based

⇤Corresponding author: adam.bozson@cern.ch

on the maximum likelihood (ML) method, and the need
for regularisation. In a Bayesian setting, the likelihood
is enhanced by prior information so that the ML solu-
tion is replaced by the mode of the posterior distribution.
Sec. 4 connects the maximum a posteriori (MAP) estim-
ator to the solution of a regression problem which condi-
tions prior knowledge encoded in a Gaussian process on
the ML solution extracted from data. Example applica-
tions are provided in Sec. 5. Finally, we report the conclu-
sions and outlook for future exploration of this method in
Sec. 6.

2. Definitions and notation

In particle physics, measured distributions are often re-
ported as populations of bins rather than continuous func-
tions. Therefore the first step we will take is to represent
the underlying distributions with discretised bin popula-
tions. We note that this process biases the estimated his-
togram away from the true distribution.

The truth distribution is referred to as f(x) and rep-
resented by a histogram µ = (µ1, . . . , µM ) with contents
µj /

R
bin j f(x) dx, j = 1, . . . ,M . Observed data are con-

tained in a histogram n = (n1, . . . , nN ) with N bins. The
expectation value of n is the histogram ⌫.

The truth and observed distributions are related through
the e↵ects of detector response, acceptance, and back-
ground contributions. For simplicity, we take the back-
ground to be zero (the relaxation of this assumption is
discussed in Sec. 6). The contents of µ and ⌫ are linearly
related by

⌫ = Rµ, (1)
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Code at github.com/adambozson/gp-unfold
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https://github.com/adambozson/gp-unfold
https://mybinder.org/v2/gh/adambozson/gp-unfold/master


The unfolding problem

!5

freco(x) =

Z
R(x|y) ftrue(y) dy

<latexit sha1_base64="hGu7STPFphCj2x6SnvUoMsHqCSg="></latexit><latexit sha1_base64="hGu7STPFphCj2x6SnvUoMsHqCSg="></latexit><latexit sha1_base64="hGu7STPFphCj2x6SnvUoMsHqCSg="></latexit><latexit sha1_base64="hGu7STPFphCj2x6SnvUoMsHqCSg="></latexit><latexit sha1_base64="hGu7STPFphCj2x6SnvUoMsHqCSg="></latexit>

⌫ = Rµ+ �
<latexit sha1_base64="FyzM4Z9d1yP0W2YnvbTGDw92GGM="></latexit><latexit sha1_base64="FyzM4Z9d1yP0W2YnvbTGDw92GGM="></latexit><latexit sha1_base64="FyzM4Z9d1yP0W2YnvbTGDw92GGM="></latexit><latexit sha1_base64="FyzM4Z9d1yP0W2YnvbTGDw92GGM="></latexit><latexit sha1_base64="FyzM4Z9d1yP0W2YnvbTGDw92GGM="></latexit>

⌫i =

Z

bin i

freco(x) dx

<latexit sha1_base64="0F0X9U6L6b0PVr/VINHYLaWlVPY="></latexit><latexit sha1_base64="0F0X9U6L6b0PVr/VINHYLaWlVPY="></latexit><latexit sha1_base64="0F0X9U6L6b0PVr/VINHYLaWlVPY="></latexit><latexit sha1_base64="0F0X9U6L6b0PVr/VINHYLaWlVPY="></latexit><latexit sha1_base64="0F0X9U6L6b0PVr/VINHYLaWlVPY="></latexit>

µj =

Z

bin j

ftruth(y) dy

<latexit sha1_base64="6K27tLGjkGgn4P1nm4MvBlM2hPk="></latexit><latexit sha1_base64="6K27tLGjkGgn4P1nm4MvBlM2hPk="></latexit><latexit sha1_base64="6K27tLGjkGgn4P1nm4MvBlM2hPk="></latexit><latexit sha1_base64="6K27tLGjkGgn4P1nm4MvBlM2hPk="></latexit><latexit sha1_base64="6K27tLGjkGgn4P1nm4MvBlM2hPk="></latexit>Di
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⌫ = Rµ+ �
<latexit sha1_base64="FyzM4Z9d1yP0W2YnvbTGDw92GGM="></latexit><latexit sha1_base64="FyzM4Z9d1yP0W2YnvbTGDw92GGM="></latexit><latexit sha1_base64="FyzM4Z9d1yP0W2YnvbTGDw92GGM="></latexit><latexit sha1_base64="FyzM4Z9d1yP0W2YnvbTGDw92GGM="></latexit><latexit sha1_base64="FyzM4Z9d1yP0W2YnvbTGDw92GGM="></latexit>

* Deshan was very happy to feature on this slide

TruthReco

Background
Set to zero for now 

Aim: Given data, estimate truth
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Measure data


with expectation values

and covariance matrix

n
<latexit sha1_base64="MfSXXPJZvKnAfEa6VdnJfSTQ5rM=">AAACH3icbVBNS8NAEN3Ur1q/Wj16CQbBU0lE0GPBi8cK9gOaUDababt0dxN2N5US8iO86slf40289t+4aXOwrQ8GHu/NMDMvTBhV2nUXVmVnd2//oHpYOzo+OT2rN867Kk4lgQ6JWSz7IVbAqICOpppBP5GAecigF04fC783A6loLF70PIGA47GgI0qwNlLPnwHJRD6sO27TXcLeJl5JHFSiPWxYFT+KScpBaMKwUgPPTXSQYakpYZDX/FRBgskUj2FgqMAcVJAt783ta6NE9iiWpoS2l+rfiQxzpeY8NJ0c64na9ArxP2+Q6tFDkFGRpBoEWS0apczWsV08b0dUAtFsbggmkppbbTLBEhNtIlrbEnLzgwQBryTmHIsoK6LKB16Q+SHPHC/PayY1bzOjbdK9bXpu03u+c1q3ZX5VdImu0A3y0D1qoSfURh1E0BS9oXf0YX1aX9a39bNqrVjlzAVag7X4BWqkom0=</latexit><latexit sha1_base64="MfSXXPJZvKnAfEa6VdnJfSTQ5rM=">AAACH3icbVBNS8NAEN3Ur1q/Wj16CQbBU0lE0GPBi8cK9gOaUDababt0dxN2N5US8iO86slf40289t+4aXOwrQ8GHu/NMDMvTBhV2nUXVmVnd2//oHpYOzo+OT2rN867Kk4lgQ6JWSz7IVbAqICOpppBP5GAecigF04fC783A6loLF70PIGA47GgI0qwNlLPnwHJRD6sO27TXcLeJl5JHFSiPWxYFT+KScpBaMKwUgPPTXSQYakpYZDX/FRBgskUj2FgqMAcVJAt783ta6NE9iiWpoS2l+rfiQxzpeY8NJ0c64na9ArxP2+Q6tFDkFGRpBoEWS0apczWsV08b0dUAtFsbggmkppbbTLBEhNtIlrbEnLzgwQBryTmHIsoK6LKB16Q+SHPHC/PayY1bzOjbdK9bXpu03u+c1q3ZX5VdImu0A3y0D1qoSfURh1E0BS9oXf0YX1aX9a39bNqrVjlzAVag7X4BWqkom0=</latexit><latexit sha1_base64="MfSXXPJZvKnAfEa6VdnJfSTQ5rM=">AAACH3icbVBNS8NAEN3Ur1q/Wj16CQbBU0lE0GPBi8cK9gOaUDababt0dxN2N5US8iO86slf40289t+4aXOwrQ8GHu/NMDMvTBhV2nUXVmVnd2//oHpYOzo+OT2rN867Kk4lgQ6JWSz7IVbAqICOpppBP5GAecigF04fC783A6loLF70PIGA47GgI0qwNlLPnwHJRD6sO27TXcLeJl5JHFSiPWxYFT+KScpBaMKwUgPPTXSQYakpYZDX/FRBgskUj2FgqMAcVJAt783ta6NE9iiWpoS2l+rfiQxzpeY8NJ0c64na9ArxP2+Q6tFDkFGRpBoEWS0apczWsV08b0dUAtFsbggmkppbbTLBEhNtIlrbEnLzgwQBryTmHIsoK6LKB16Q+SHPHC/PayY1bzOjbdK9bXpu03u+c1q3ZX5VdImu0A3y0D1qoSfURh1E0BS9oXf0YX1aX9a39bNqrVjlzAVag7X4BWqkom0=</latexit><latexit sha1_base64="MfSXXPJZvKnAfEa6VdnJfSTQ5rM=">AAACH3icbVBNS8NAEN3Ur1q/Wj16CQbBU0lE0GPBi8cK9gOaUDababt0dxN2N5US8iO86slf40289t+4aXOwrQ8GHu/NMDMvTBhV2nUXVmVnd2//oHpYOzo+OT2rN867Kk4lgQ6JWSz7IVbAqICOpppBP5GAecigF04fC783A6loLF70PIGA47GgI0qwNlLPnwHJRD6sO27TXcLeJl5JHFSiPWxYFT+KScpBaMKwUgPPTXSQYakpYZDX/FRBgskUj2FgqMAcVJAt783ta6NE9iiWpoS2l+rfiQxzpeY8NJ0c64na9ArxP2+Q6tFDkFGRpBoEWS0apczWsV08b0dUAtFsbggmkppbbTLBEhNtIlrbEnLzgwQBryTmHIsoK6LKB16Q+SHPHC/PayY1bzOjbdK9bXpu03u+c1q3ZX5VdImu0A3y0D1qoSfURh1E0BS9oXf0YX1aX9a39bNqrVjlzAVag7X4BWqkom0=</latexit><latexit sha1_base64="MfSXXPJZvKnAfEa6VdnJfSTQ5rM=">AAACH3icbVBNS8NAEN3Ur1q/Wj16CQbBU0lE0GPBi8cK9gOaUDababt0dxN2N5US8iO86slf40289t+4aXOwrQ8GHu/NMDMvTBhV2nUXVmVnd2//oHpYOzo+OT2rN867Kk4lgQ6JWSz7IVbAqICOpppBP5GAecigF04fC783A6loLF70PIGA47GgI0qwNlLPnwHJRD6sO27TXcLeJl5JHFSiPWxYFT+KScpBaMKwUgPPTXSQYakpYZDX/FRBgskUj2FgqMAcVJAt783ta6NE9iiWpoS2l+rfiQxzpeY8NJ0c64na9ArxP2+Q6tFDkFGRpBoEWS0apczWsV08b0dUAtFsbggmkppbbTLBEhNtIlrbEnLzgwQBryTmHIsoK6LKB16Q+SHPHC/PayY1bzOjbdK9bXpu03u+c1q3ZX5VdImu0A3y0D1qoSfURh1E0BS9oXf0YX1aX9a39bNqrVjlzAVag7X4BWqkom0=</latexit>

E[n] = ⌫
<latexit sha1_base64="jn4LEjtWZVhHlz1MKfLdfsa69rY="></latexit><latexit sha1_base64="jn4LEjtWZVhHlz1MKfLdfsa69rY="></latexit><latexit sha1_base64="jn4LEjtWZVhHlz1MKfLdfsa69rY="></latexit><latexit sha1_base64="jn4LEjtWZVhHlz1MKfLdfsa69rY="></latexit><latexit sha1_base64="jn4LEjtWZVhHlz1MKfLdfsa69rY="></latexit>

V
<latexit sha1_base64="4LzgeKGeQu2H5hAZjLLuyF9oMj4=">AAACGXicbVDLSgNBEJyJrxhfiR69LC6Cp7AbBD0GvHhMwDwgu4TZSScZMjO7zMxGwrJf4FVPfo038erJv3HyOJjEgoaiqpvurijhTBvP+8GFnd29/YPiYeno+OT0rFw5b+s4VRRaNOax6kZEA2cSWoYZDt1EARERh040eZj7nSkozWL5ZGYJhIKMJBsySoyVmu1+2fWq3gLONvFXxEUrNPoVXAgGMU0FSEM50brne4kJM6IMoxzyUpBqSAidkBH0LJVEgA6zxaW5c22VgTOMlS1pnIX6dyIjQuuZiGynIGasN725+J/XS83wPsyYTFIDki4XDVPumNiZv+0MmAJq+MwSQhWztzp0TBShxoaztiUS9gcFEp5pLASRgyyYAs17fpgFkchcP89LNjV/M6Nt0q5Vfa/qN2/dem2VXxFdoit0g3x0h+roETVQC1EE6AW9ojf8jj/wJ/5athbwauYCrQF//wL25Z+H</latexit><latexit sha1_base64="4LzgeKGeQu2H5hAZjLLuyF9oMj4=">AAACGXicbVDLSgNBEJyJrxhfiR69LC6Cp7AbBD0GvHhMwDwgu4TZSScZMjO7zMxGwrJf4FVPfo038erJv3HyOJjEgoaiqpvurijhTBvP+8GFnd29/YPiYeno+OT0rFw5b+s4VRRaNOax6kZEA2cSWoYZDt1EARERh040eZj7nSkozWL5ZGYJhIKMJBsySoyVmu1+2fWq3gLONvFXxEUrNPoVXAgGMU0FSEM50brne4kJM6IMoxzyUpBqSAidkBH0LJVEgA6zxaW5c22VgTOMlS1pnIX6dyIjQuuZiGynIGasN725+J/XS83wPsyYTFIDki4XDVPumNiZv+0MmAJq+MwSQhWztzp0TBShxoaztiUS9gcFEp5pLASRgyyYAs17fpgFkchcP89LNjV/M6Nt0q5Vfa/qN2/dem2VXxFdoit0g3x0h+roETVQC1EE6AW9ojf8jj/wJ/5athbwauYCrQF//wL25Z+H</latexit><latexit sha1_base64="4LzgeKGeQu2H5hAZjLLuyF9oMj4=">AAACGXicbVDLSgNBEJyJrxhfiR69LC6Cp7AbBD0GvHhMwDwgu4TZSScZMjO7zMxGwrJf4FVPfo038erJv3HyOJjEgoaiqpvurijhTBvP+8GFnd29/YPiYeno+OT0rFw5b+s4VRRaNOax6kZEA2cSWoYZDt1EARERh040eZj7nSkozWL5ZGYJhIKMJBsySoyVmu1+2fWq3gLONvFXxEUrNPoVXAgGMU0FSEM50brne4kJM6IMoxzyUpBqSAidkBH0LJVEgA6zxaW5c22VgTOMlS1pnIX6dyIjQuuZiGynIGasN725+J/XS83wPsyYTFIDki4XDVPumNiZv+0MmAJq+MwSQhWztzp0TBShxoaztiUS9gcFEp5pLASRgyyYAs17fpgFkchcP89LNjV/M6Nt0q5Vfa/qN2/dem2VXxFdoit0g3x0h+roETVQC1EE6AW9ojf8jj/wJ/5athbwauYCrQF//wL25Z+H</latexit><latexit sha1_base64="4LzgeKGeQu2H5hAZjLLuyF9oMj4=">AAACGXicbVDLSgNBEJyJrxhfiR69LC6Cp7AbBD0GvHhMwDwgu4TZSScZMjO7zMxGwrJf4FVPfo038erJv3HyOJjEgoaiqpvurijhTBvP+8GFnd29/YPiYeno+OT0rFw5b+s4VRRaNOax6kZEA2cSWoYZDt1EARERh040eZj7nSkozWL5ZGYJhIKMJBsySoyVmu1+2fWq3gLONvFXxEUrNPoVXAgGMU0FSEM50brne4kJM6IMoxzyUpBqSAidkBH0LJVEgA6zxaW5c22VgTOMlS1pnIX6dyIjQuuZiGynIGasN725+J/XS83wPsyYTFIDki4XDVPumNiZv+0MmAJq+MwSQhWztzp0TBShxoaztiUS9gcFEp5pLASRgyyYAs17fpgFkchcP89LNjV/M6Nt0q5Vfa/qN2/dem2VXxFdoit0g3x0h+roETVQC1EE6AW9ojf8jj/wJ/5athbwauYCrQF//wL25Z+H</latexit><latexit sha1_base64="4LzgeKGeQu2H5hAZjLLuyF9oMj4=">AAACGXicbVDLSgNBEJyJrxhfiR69LC6Cp7AbBD0GvHhMwDwgu4TZSScZMjO7zMxGwrJf4FVPfo038erJv3HyOJjEgoaiqpvurijhTBvP+8GFnd29/YPiYeno+OT0rFw5b+s4VRRaNOax6kZEA2cSWoYZDt1EARERh040eZj7nSkozWL5ZGYJhIKMJBsySoyVmu1+2fWq3gLONvFXxEUrNPoVXAgGMU0FSEM50brne4kJM6IMoxzyUpBqSAidkBH0LJVEgA6zxaW5c22VgTOMlS1pnIX6dyIjQuuZiGynIGasN725+J/XS83wPsyYTFIDki4XDVPumNiZv+0MmAJq+MwSQhWztzp0TBShxoaztiUS9gcFEp5pLASRgyyYAs17fpgFkchcP89LNjV/M6Nt0q5Vfa/qN2/dem2VXxFdoit0g3x0h+roETVQC1EE6AW9ojf8jj/wJ/5athbwauYCrQF//wL25Z+H</latexit>

If the data distribution can be approximated as Gaussian

n ⇠ N (⌫, V )
<latexit sha1_base64="F3DW2ttHMXPEvwk60fGgRzZZowo="></latexit><latexit sha1_base64="F3DW2ttHMXPEvwk60fGgRzZZowo="></latexit><latexit sha1_base64="F3DW2ttHMXPEvwk60fGgRzZZowo="></latexit><latexit sha1_base64="F3DW2ttHMXPEvwk60fGgRzZZowo="></latexit><latexit sha1_base64="F3DW2ttHMXPEvwk60fGgRzZZowo="></latexit>

Then the log-likelihood is

logP (n|⌫) = �1

2
(n� ⌫)T V �1 (n� ⌫) + . . .

= �1

2
(n�Rµ)T V �1 (n�Rµ) + . . .

<latexit sha1_base64="05vLXES+M2CHesXmX4G5CUAOSko="></latexit><latexit sha1_base64="05vLXES+M2CHesXmX4G5CUAOSko="></latexit><latexit sha1_base64="05vLXES+M2CHesXmX4G5CUAOSko="></latexit><latexit sha1_base64="05vLXES+M2CHesXmX4G5CUAOSko="></latexit><latexit sha1_base64="05vLXES+M2CHesXmX4G5CUAOSko="></latexit>

⌫ = Rµ
<latexit sha1_base64="9GecIocpinQW74Kn3GUVpfhlrME="></latexit><latexit sha1_base64="9GecIocpinQW74Kn3GUVpfhlrME="></latexit><latexit sha1_base64="9GecIocpinQW74Kn3GUVpfhlrME="></latexit><latexit sha1_base64="9GecIocpinQW74Kn3GUVpfhlrME="></latexit><latexit sha1_base64="9GecIocpinQW74Kn3GUVpfhlrME="></latexit>



logP (n|µ) = �1

2
(n�Rµ)T V �1 (n�Rµ)

<latexit sha1_base64="9k6QtjPamC+3o8vYEg/8yRKGyDk="></latexit><latexit sha1_base64="9k6QtjPamC+3o8vYEg/8yRKGyDk="></latexit><latexit sha1_base64="9k6QtjPamC+3o8vYEg/8yRKGyDk="></latexit><latexit sha1_base64="9k6QtjPamC+3o8vYEg/8yRKGyDk="></latexit><latexit sha1_base64="9k6QtjPamC+3o8vYEg/8yRKGyDk="></latexit>

Maximum likelihood
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The maximum of

µ̂ML = R�1n
<latexit sha1_base64="H4lGurPrDj+Rgk6Bzpcmc0OOg64="></latexit><latexit sha1_base64="H4lGurPrDj+Rgk6Bzpcmc0OOg64="></latexit><latexit sha1_base64="H4lGurPrDj+Rgk6Bzpcmc0OOg64="></latexit><latexit sha1_base64="H4lGurPrDj+Rgk6Bzpcmc0OOg64="></latexit><latexit sha1_base64="H4lGurPrDj+Rgk6Bzpcmc0OOg64="></latexit>

is

(Same result for Poisson)

U = R�1V
�
R�1

�T
<latexit sha1_base64="ZmqKsfGQV8DdzKp5DnGvqNXjx8I="></latexit><latexit sha1_base64="ZmqKsfGQV8DdzKp5DnGvqNXjx8I="></latexit><latexit sha1_base64="ZmqKsfGQV8DdzKp5DnGvqNXjx8I="></latexit><latexit sha1_base64="ZmqKsfGQV8DdzKp5DnGvqNXjx8I="></latexit><latexit sha1_base64="ZmqKsfGQV8DdzKp5DnGvqNXjx8I="></latexit>
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Ingredients



Example
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mu_ML = scipy.linalg.solve(R, data)

Result
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The covariance of the ML (both 
Poisson and Gaussian) estimator is

U = R�1V
�
R�1

�T
<latexit sha1_base64="rfgPjZZeBGh1JnfcdSVKthZndR8="></latexit><latexit sha1_base64="rfgPjZZeBGh1JnfcdSVKthZndR8="></latexit><latexit sha1_base64="rfgPjZZeBGh1JnfcdSVKthZndR8="></latexit><latexit sha1_base64="rfgPjZZeBGh1JnfcdSVKthZndR8="></latexit><latexit sha1_base64="rfgPjZZeBGh1JnfcdSVKthZndR8="></latexit>



The covariance of the ML (both 
Poisson and Gaussian) estimator is

U = R�1V
�
R�1

�T
<latexit sha1_base64="rfgPjZZeBGh1JnfcdSVKthZndR8="></latexit><latexit sha1_base64="rfgPjZZeBGh1JnfcdSVKthZndR8="></latexit><latexit sha1_base64="rfgPjZZeBGh1JnfcdSVKthZndR8="></latexit><latexit sha1_base64="rfgPjZZeBGh1JnfcdSVKthZndR8="></latexit><latexit sha1_base64="rfgPjZZeBGh1JnfcdSVKthZndR8="></latexit>

Statistical fluctuations in the data lead to 
false fine structure (high-frequency 

oscillations) in the unfolded distribution
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The ML estimator is unbiased



Regularisation
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A common solution is to instead maximise

�(µ) = ↵ logP (n|µ) + S(µ)
<latexit sha1_base64="3+Kmcty13kR40rXEOBAaR5HI6Aw="></latexit><latexit sha1_base64="3+Kmcty13kR40rXEOBAaR5HI6Aw="></latexit><latexit sha1_base64="3+Kmcty13kR40rXEOBAaR5HI6Aw="></latexit><latexit sha1_base64="3+Kmcty13kR40rXEOBAaR5HI6Aw="></latexit><latexit sha1_base64="3+Kmcty13kR40rXEOBAaR5HI6Aw="></latexit>

Regularisation function 
Reduces space of solutions

Regularisation parameter 
Controls bias vs. variance

or an iterative method (Lucy, Richardson), stopping before the ML solution

or a Bayesian method (FBU), conditioning a prior on the data

Common theme: we expect the unfolded distribution to have some smoothness

(based on our knowledge of the underlying physics)

https://arxiv.org/abs/1010.0632
https://arxiv.org/abs/1201.4612


logP (µ|n) = logP (n|µ) + logP (µ) + . . .
<latexit sha1_base64="Br0CG74Go9N1/JYJ/0l8Xzovcn8="></latexit><latexit sha1_base64="Br0CG74Go9N1/JYJ/0l8Xzovcn8="></latexit><latexit sha1_base64="Br0CG74Go9N1/JYJ/0l8Xzovcn8="></latexit><latexit sha1_base64="Br0CG74Go9N1/JYJ/0l8Xzovcn8="></latexit><latexit sha1_base64="Br0CG74Go9N1/JYJ/0l8Xzovcn8="></latexit>

Maximum a posteriori
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P (µ|n) = P (n|µ)P (µ)

P (n)
<latexit sha1_base64="bIHhu/KeGw+OzrlegeZGKRBSCH4="></latexit><latexit sha1_base64="bIHhu/KeGw+OzrlegeZGKRBSCH4="></latexit><latexit sha1_base64="bIHhu/KeGw+OzrlegeZGKRBSCH4="></latexit><latexit sha1_base64="bIHhu/KeGw+OzrlegeZGKRBSCH4="></latexit><latexit sha1_base64="bIHhu/KeGw+OzrlegeZGKRBSCH4="></latexit>

Posterior probability given by Bayes’ theorem

Likelihood Prior

All distributions are approximately Gaussian
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Treat the truth distribution as a Gaussian process

µ ⇠ N (µ̄,K)
<latexit sha1_base64="LGYQJ/RK5hS+9lNP5IEjP7lvvD0="></latexit><latexit sha1_base64="LGYQJ/RK5hS+9lNP5IEjP7lvvD0="></latexit><latexit sha1_base64="LGYQJ/RK5hS+9lNP5IEjP7lvvD0="></latexit><latexit sha1_base64="LGYQJ/RK5hS+9lNP5IEjP7lvvD0="></latexit><latexit sha1_base64="LGYQJ/RK5hS+9lNP5IEjP7lvvD0="></latexit>

logP (µ) = �1

2
(µ� µ̄)T K�1 (µ� µ̄) + . . .

<latexit sha1_base64="yQsuX7creBP4B5TWDkfipPvJ4fE="></latexit><latexit sha1_base64="yQsuX7creBP4B5TWDkfipPvJ4fE="></latexit><latexit sha1_base64="yQsuX7creBP4B5TWDkfipPvJ4fE="></latexit><latexit sha1_base64="yQsuX7creBP4B5TWDkfipPvJ4fE="></latexit><latexit sha1_base64="yQsuX7creBP4B5TWDkfipPvJ4fE="></latexit>

Covariance matrix from kernel function

Kij = k(yi, yj)
<latexit sha1_base64="B9i1tp2h7hvfuQkbje4feyvblXU="></latexit><latexit sha1_base64="B9i1tp2h7hvfuQkbje4feyvblXU="></latexit><latexit sha1_base64="B9i1tp2h7hvfuQkbje4feyvblXU="></latexit><latexit sha1_base64="B9i1tp2h7hvfuQkbje4feyvblXU="></latexit><latexit sha1_base64="B9i1tp2h7hvfuQkbje4feyvblXU="></latexit>



Maximum a posteriori
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logP (µ|n) = logP (n|µ) + logP (µ) + . . .

= �1

2
(n�Rµ)T V �1 (n�Rµ)� 1

2
(µ� µ̄)T K�1 (µ� µ̄) + . . .

<latexit sha1_base64="8FifHNUhIXDzQib146YgYWB4/b8=">AAADUnichVLPb9MwGHUSfowy2AZHLhYVqBW0iiekcUGaxAWJS0FrN6nOJsdxWmu2E9nOUOXlX+Gv4QonLvwrnHDTaFrXAZ8U5em97/nL9+K0FNzYOP4VhNGdu/fubz3oPNx+9Hhnd+/JxBSVpmxMC1Hok5QYJrhiY8utYCelZkSmgh2n5++X+vEF04YX6sguSpZIMlM855RYT53tBQdYFDM46uELRrGsLpdvp+o+fPkOXpM8dd m29OEruG5aMVlhDcS4440DnGtCHardfo0Fy20PtofAAfzcQG+rIdZ8Nrf9UyyJnZvcHdVwcuoGyCv/d3nyL2OaLq+mRLsr4tZpHzen/dt8tenZbjcexk3BTYBa0AVtjXzUIc4KWkmmLBXEmCmKS5s4oi2ngtUdXBlWEnpOZmzqoSKSmcQ1v7iGLzyTwbzQ/lEWNux1hyPSmIVMfWez3U1tSd6mTSubv00cV2VlmaKrQXkloC3g8r7AjGtGrVh4QKjm/lshnRMfu/W3am1KKv0Omin2hRZSEpU18dVTlDicStdFdd3xqaGbGW2Cyf4QxUP06U338HWb3xZ4Bp6DHkDgAByCD2AExoAGX4NvwffgR/gz/B0FUbRqDYPW8xSsVbT9B0DRDOU=</latexit><latexit sha1_base64="8FifHNUhIXDzQib146YgYWB4/b8=">AAADUnichVLPb9MwGHUSfowy2AZHLhYVqBW0iiekcUGaxAWJS0FrN6nOJsdxWmu2E9nOUOXlX+Gv4QonLvwrnHDTaFrXAZ8U5em97/nL9+K0FNzYOP4VhNGdu/fubz3oPNx+9Hhnd+/JxBSVpmxMC1Hok5QYJrhiY8utYCelZkSmgh2n5++X+vEF04YX6sguSpZIMlM855RYT53tBQdYFDM46uELRrGsLpdvp+o+fPkOXpM8dd m29OEruG5aMVlhDcS4440DnGtCHardfo0Fy20PtofAAfzcQG+rIdZ8Nrf9UyyJnZvcHdVwcuoGyCv/d3nyL2OaLq+mRLsr4tZpHzen/dt8tenZbjcexk3BTYBa0AVtjXzUIc4KWkmmLBXEmCmKS5s4oi2ngtUdXBlWEnpOZmzqoSKSmcQ1v7iGLzyTwbzQ/lEWNux1hyPSmIVMfWez3U1tSd6mTSubv00cV2VlmaKrQXkloC3g8r7AjGtGrVh4QKjm/lshnRMfu/W3am1KKv0Omin2hRZSEpU18dVTlDicStdFdd3xqaGbGW2Cyf4QxUP06U338HWb3xZ4Bp6DHkDgAByCD2AExoAGX4NvwffgR/gz/B0FUbRqDYPW8xSsVbT9B0DRDOU=</latexit><latexit sha1_base64="8FifHNUhIXDzQib146YgYWB4/b8=">AAADUnichVLPb9MwGHUSfowy2AZHLhYVqBW0iiekcUGaxAWJS0FrN6nOJsdxWmu2E9nOUOXlX+Gv4QonLvwrnHDTaFrXAZ8U5em97/nL9+K0FNzYOP4VhNGdu/fubz3oPNx+9Hhnd+/JxBSVpmxMC1Hok5QYJrhiY8utYCelZkSmgh2n5++X+vEF04YX6sguSpZIMlM855RYT53tBQdYFDM46uELRrGsLpdvp+o+fPkOXpM8dd m29OEruG5aMVlhDcS4440DnGtCHardfo0Fy20PtofAAfzcQG+rIdZ8Nrf9UyyJnZvcHdVwcuoGyCv/d3nyL2OaLq+mRLsr4tZpHzen/dt8tenZbjcexk3BTYBa0AVtjXzUIc4KWkmmLBXEmCmKS5s4oi2ngtUdXBlWEnpOZmzqoSKSmcQ1v7iGLzyTwbzQ/lEWNux1hyPSmIVMfWez3U1tSd6mTSubv00cV2VlmaKrQXkloC3g8r7AjGtGrVh4QKjm/lshnRMfu/W3am1KKv0Omin2hRZSEpU18dVTlDicStdFdd3xqaGbGW2Cyf4QxUP06U338HWb3xZ4Bp6DHkDgAByCD2AExoAGX4NvwffgR/gz/B0FUbRqDYPW8xSsVbT9B0DRDOU=</latexit><latexit sha1_base64="8FifHNUhIXDzQib146YgYWB4/b8="></latexit><latexit sha1_base64="8FifHNUhIXDzQib146YgYWB4/b8="></latexit>

Use the mode of the posterior as an estimator for the unfolded histogram

d logP (µ|n)
dµ

����
µ=µ̂

= (n�Rµ̂)T V �1R+ (µ̂� µ̄)T K�1 = 0
<latexit sha1_base64="1WdCKFwKOeNBHiBNhnRgEfertrU="></latexit><latexit sha1_base64="1WdCKFwKOeNBHiBNhnRgEfertrU="></latexit><latexit sha1_base64="1WdCKFwKOeNBHiBNhnRgEfertrU="></latexit><latexit sha1_base64="1WdCKFwKOeNBHiBNhnRgEfertrU="></latexit><latexit sha1_base64="1WdCKFwKOeNBHiBNhnRgEfertrU="></latexit>

µ̂ =
⇥
K�1 +RTV �1R

⇤�1 �
RTV �1n+K�1µ̄

�

= K
⇥
K +R�1V (R�1)T

⇤�1 �
R�1n� µ̄

�
+ µ̄

<latexit sha1_base64="HAgm3z0DXCOVpoxMyel3odN2HdA="></latexit><latexit sha1_base64="HAgm3z0DXCOVpoxMyel3odN2HdA="></latexit><latexit sha1_base64="HAgm3z0DXCOVpoxMyel3odN2HdA="></latexit><latexit sha1_base64="HAgm3z0DXCOVpoxMyel3odN2HdA="></latexit><latexit sha1_base64="HAgm3z0DXCOVpoxMyel3odN2HdA="></latexit>
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µ̂ = K
⇥
K +R�1V (R�1)T

⇤�1 �
R�1n� µ̄

�
+ µ̄

<latexit sha1_base64="l39GR0EYPYu1x0okL6F0RGczMfY="></latexit><latexit sha1_base64="l39GR0EYPYu1x0okL6F0RGczMfY="></latexit><latexit sha1_base64="l39GR0EYPYu1x0okL6F0RGczMfY="></latexit><latexit sha1_base64="l39GR0EYPYu1x0okL6F0RGczMfY="></latexit><latexit sha1_base64="l39GR0EYPYu1x0okL6F0RGczMfY="></latexit>

Remember the ML estimator?

U = R�1V
�
R�1

�T
<latexit sha1_base64="ZmqKsfGQV8DdzKp5DnGvqNXjx8I="></latexit><latexit sha1_base64="ZmqKsfGQV8DdzKp5DnGvqNXjx8I="></latexit><latexit sha1_base64="ZmqKsfGQV8DdzKp5DnGvqNXjx8I="></latexit><latexit sha1_base64="ZmqKsfGQV8DdzKp5DnGvqNXjx8I="></latexit><latexit sha1_base64="ZmqKsfGQV8DdzKp5DnGvqNXjx8I="></latexit>

µ̂ML = R�1n
<latexit sha1_base64="hD1IKd2GXpzu2qMp0kl4WmEwtpc="></latexit><latexit sha1_base64="hD1IKd2GXpzu2qMp0kl4WmEwtpc="></latexit><latexit sha1_base64="hD1IKd2GXpzu2qMp0kl4WmEwtpc="></latexit><latexit sha1_base64="hD1IKd2GXpzu2qMp0kl4WmEwtpc="></latexit><latexit sha1_base64="hD1IKd2GXpzu2qMp0kl4WmEwtpc="></latexit>

The MAP estimator is the mean of a Gaussian process 
regressor using the ML estimator as training points

Since the posterior distribution is Gaussian (product of 
Gaussians), the mode is equal to the mean



GP regression

!19

See e.g. gaussianprocess.org/gpml 

Start from a prior over functions

f(x) ⇠ GP
�
m(x), k(x,x0)

�
<latexit sha1_base64="bI+vkY9mzeLnxGWVKJ3golyGQLw="></latexit><latexit sha1_base64="bI+vkY9mzeLnxGWVKJ3golyGQLw="></latexit><latexit sha1_base64="bI+vkY9mzeLnxGWVKJ3golyGQLw="></latexit><latexit sha1_base64="bI+vkY9mzeLnxGWVKJ3golyGQLw="></latexit><latexit sha1_base64="bI+vkY9mzeLnxGWVKJ3golyGQLw="></latexit>

Given observations    at    , we want to estimate      atX
<latexit sha1_base64="7daX4wO30hqO7dMgoKZTxkKbPjg=">AAACGXicbVBNS8NAEN3Ur1q/Wj16CQbBg5REBD0WvHhswX5AE8pmM22X7m7C7qZSQn6BVz35a7yJV0/+G7dtDrb1wcDjvRlm5oUJo0q77o9V2tre2d0r71cODo+OT6q1046KU0mgTWIWy16IFTAqoK2pZtBLJGAeMuiGk4e5352CVDQWT3qWQMDxSNAhJVgbqdUbVB237i5gbxKvIA4q0BzUrJIfxSTlIDRhWKm+5yY6yLDUlDDIK36qIMFkgkfQN1RgDirIFpfm9qVRInsYS1NC2wv170SGuVIzHppOjvVYrXtz8T+vn+rhfZBRkaQaBFkuGqbM1rE9f9uOqASi2cwQTCQ1t9pkjCUm2oSzsiXk5gcJAp5JzDkWUeZPgeR9L8j8kGeOl+cVk5q3ntEm6dzUPbfutW6dxnWRXxmdowt0hTx0hxroETVRGxEE6AW9ojfr3fqwPq2vZWvJKmbO0Aqs71/4gZ+D</latexit><latexit sha1_base64="7daX4wO30hqO7dMgoKZTxkKbPjg=">AAACGXicbVBNS8NAEN3Ur1q/Wj16CQbBg5REBD0WvHhswX5AE8pmM22X7m7C7qZSQn6BVz35a7yJV0/+G7dtDrb1wcDjvRlm5oUJo0q77o9V2tre2d0r71cODo+OT6q1046KU0mgTWIWy16IFTAqoK2pZtBLJGAeMuiGk4e5352CVDQWT3qWQMDxSNAhJVgbqdUbVB237i5gbxKvIA4q0BzUrJIfxSTlIDRhWKm+5yY6yLDUlDDIK36qIMFkgkfQN1RgDirIFpfm9qVRInsYS1NC2wv170SGuVIzHppOjvVYrXtz8T+vn+rhfZBRkaQaBFkuGqbM1rE9f9uOqASi2cwQTCQ1t9pkjCUm2oSzsiXk5gcJAp5JzDkWUeZPgeR9L8j8kGeOl+cVk5q3ntEm6dzUPbfutW6dxnWRXxmdowt0hTx0hxroETVRGxEE6AW9ojfr3fqwPq2vZWvJKmbO0Aqs71/4gZ+D</latexit><latexit sha1_base64="7daX4wO30hqO7dMgoKZTxkKbPjg=">AAACGXicbVBNS8NAEN3Ur1q/Wj16CQbBg5REBD0WvHhswX5AE8pmM22X7m7C7qZSQn6BVz35a7yJV0/+G7dtDrb1wcDjvRlm5oUJo0q77o9V2tre2d0r71cODo+OT6q1046KU0mgTWIWy16IFTAqoK2pZtBLJGAeMuiGk4e5352CVDQWT3qWQMDxSNAhJVgbqdUbVB237i5gbxKvIA4q0BzUrJIfxSTlIDRhWKm+5yY6yLDUlDDIK36qIMFkgkfQN1RgDirIFpfm9qVRInsYS1NC2wv170SGuVIzHppOjvVYrXtz8T+vn+rhfZBRkaQaBFkuGqbM1rE9f9uOqASi2cwQTCQ1t9pkjCUm2oSzsiXk5gcJAp5JzDkWUeZPgeR9L8j8kGeOl+cVk5q3ntEm6dzUPbfutW6dxnWRXxmdowt0hTx0hxroETVRGxEE6AW9ojfr3fqwPq2vZWvJKmbO0Aqs71/4gZ+D</latexit><latexit sha1_base64="7daX4wO30hqO7dMgoKZTxkKbPjg=">AAACGXicbVBNS8NAEN3Ur1q/Wj16CQbBg5REBD0WvHhswX5AE8pmM22X7m7C7qZSQn6BVz35a7yJV0/+G7dtDrb1wcDjvRlm5oUJo0q77o9V2tre2d0r71cODo+OT6q1046KU0mgTWIWy16IFTAqoK2pZtBLJGAeMuiGk4e5352CVDQWT3qWQMDxSNAhJVgbqdUbVB237i5gbxKvIA4q0BzUrJIfxSTlIDRhWKm+5yY6yLDUlDDIK36qIMFkgkfQN1RgDirIFpfm9qVRInsYS1NC2wv170SGuVIzHppOjvVYrXtz8T+vn+rhfZBRkaQaBFkuGqbM1rE9f9uOqASi2cwQTCQ1t9pkjCUm2oSzsiXk5gcJAp5JzDkWUeZPgeR9L8j8kGeOl+cVk5q3ntEm6dzUPbfutW6dxnWRXxmdowt0hTx0hxroETVRGxEE6AW9ojfr3fqwPq2vZWvJKmbO0Aqs71/4gZ+D</latexit><latexit sha1_base64="7daX4wO30hqO7dMgoKZTxkKbPjg=">AAACGXicbVBNS8NAEN3Ur1q/Wj16CQbBg5REBD0WvHhswX5AE8pmM22X7m7C7qZSQn6BVz35a7yJV0/+G7dtDrb1wcDjvRlm5oUJo0q77o9V2tre2d0r71cODo+OT6q1046KU0mgTWIWy16IFTAqoK2pZtBLJGAeMuiGk4e5352CVDQWT3qWQMDxSNAhJVgbqdUbVB237i5gbxKvIA4q0BzUrJIfxSTlIDRhWKm+5yY6yLDUlDDIK36qIMFkgkfQN1RgDirIFpfm9qVRInsYS1NC2wv170SGuVIzHppOjvVYrXtz8T+vn+rhfZBRkaQaBFkuGqbM1rE9f9uOqASi2cwQTCQ1t9pkjCUm2oSzsiXk5gcJAp5JzDkWUeZPgeR9L8j8kGeOl+cVk5q3ntEm6dzUPbfutW6dxnWRXxmdowt0hTx0hxroETVRGxEE6AW9ojfr3fqwPq2vZWvJKmbO0Aqs71/4gZ+D</latexit>

f⇤
<latexit sha1_base64="e7gbPp7Ytw6C5WzaEGFWfk3vQBw=">AAACIXicbVBNS8NAEN3Ur1q/Wj16CQZBREoigh4LXjxWsK3ShLLZTtqlu5uwu6mUkF/hVU/+Gm/iTfwzbtoebOuDgcd7M8zMCxNGlXbdb6u0tr6xuVXeruzs7u0fVGuHbRWnkkCLxCyWjyFWwKiAlqaawWMiAfOQQScc3RZ+ZwxS0Vg86EkCAccDQSNKsDbSkz8GkkV577xXddy6O4W9Srw5cdAczV7NKvn9mKQchCYMK9X13EQHGZaaEgZ5xU8VJJiM8AC6hgrMQQXZ9OLcPjVK345iaUpoe6r+ncgwV2rCQ9PJsR6qZa8Q//O6qY5ugoyKJNUgyGxRlDJbx3bxvt2nEohmE0MwkdTcapMhlphoE9LClpCbHyQIeCYx51j0syKsvOsFmR/yzPHyvGJS85YzWiXty7rn1r37K6dxMc+vjI7RCTpDHrpGDXSHmqiFCOLoBb2iN+vd+rA+ra9Za8mazxyhBVg/v5Wlovw=</latexit><latexit sha1_base64="e7gbPp7Ytw6C5WzaEGFWfk3vQBw=">AAACIXicbVBNS8NAEN3Ur1q/Wj16CQZBREoigh4LXjxWsK3ShLLZTtqlu5uwu6mUkF/hVU/+Gm/iTfwzbtoebOuDgcd7M8zMCxNGlXbdb6u0tr6xuVXeruzs7u0fVGuHbRWnkkCLxCyWjyFWwKiAlqaawWMiAfOQQScc3RZ+ZwxS0Vg86EkCAccDQSNKsDbSkz8GkkV577xXddy6O4W9Srw5cdAczV7NKvn9mKQchCYMK9X13EQHGZaaEgZ5xU8VJJiM8AC6hgrMQQXZ9OLcPjVK345iaUpoe6r+ncgwV2rCQ9PJsR6qZa8Q//O6qY5ugoyKJNUgyGxRlDJbx3bxvt2nEohmE0MwkdTcapMhlphoE9LClpCbHyQIeCYx51j0syKsvOsFmR/yzPHyvGJS85YzWiXty7rn1r37K6dxMc+vjI7RCTpDHrpGDXSHmqiFCOLoBb2iN+vd+rA+ra9Za8mazxyhBVg/v5Wlovw=</latexit><latexit sha1_base64="e7gbPp7Ytw6C5WzaEGFWfk3vQBw=">AAACIXicbVBNS8NAEN3Ur1q/Wj16CQZBREoigh4LXjxWsK3ShLLZTtqlu5uwu6mUkF/hVU/+Gm/iTfwzbtoebOuDgcd7M8zMCxNGlXbdb6u0tr6xuVXeruzs7u0fVGuHbRWnkkCLxCyWjyFWwKiAlqaawWMiAfOQQScc3RZ+ZwxS0Vg86EkCAccDQSNKsDbSkz8GkkV577xXddy6O4W9Srw5cdAczV7NKvn9mKQchCYMK9X13EQHGZaaEgZ5xU8VJJiM8AC6hgrMQQXZ9OLcPjVK345iaUpoe6r+ncgwV2rCQ9PJsR6qZa8Q//O6qY5ugoyKJNUgyGxRlDJbx3bxvt2nEohmE0MwkdTcapMhlphoE9LClpCbHyQIeCYx51j0syKsvOsFmR/yzPHyvGJS85YzWiXty7rn1r37K6dxMc+vjI7RCTpDHrpGDXSHmqiFCOLoBb2iN+vd+rA+ra9Za8mazxyhBVg/v5Wlovw=</latexit><latexit sha1_base64="e7gbPp7Ytw6C5WzaEGFWfk3vQBw=">AAACIXicbVBNS8NAEN3Ur1q/Wj16CQZBREoigh4LXjxWsK3ShLLZTtqlu5uwu6mUkF/hVU/+Gm/iTfwzbtoebOuDgcd7M8zMCxNGlXbdb6u0tr6xuVXeruzs7u0fVGuHbRWnkkCLxCyWjyFWwKiAlqaawWMiAfOQQScc3RZ+ZwxS0Vg86EkCAccDQSNKsDbSkz8GkkV577xXddy6O4W9Srw5cdAczV7NKvn9mKQchCYMK9X13EQHGZaaEgZ5xU8VJJiM8AC6hgrMQQXZ9OLcPjVK345iaUpoe6r+ncgwV2rCQ9PJsR6qZa8Q//O6qY5ugoyKJNUgyGxRlDJbx3bxvt2nEohmE0MwkdTcapMhlphoE9LClpCbHyQIeCYx51j0syKsvOsFmR/yzPHyvGJS85YzWiXty7rn1r37K6dxMc+vjI7RCTpDHrpGDXSHmqiFCOLoBb2iN+vd+rA+ra9Za8mazxyhBVg/v5Wlovw=</latexit><latexit sha1_base64="e7gbPp7Ytw6C5WzaEGFWfk3vQBw=">AAACIXicbVBNS8NAEN3Ur1q/Wj16CQZBREoigh4LXjxWsK3ShLLZTtqlu5uwu6mUkF/hVU/+Gm/iTfwzbtoebOuDgcd7M8zMCxNGlXbdb6u0tr6xuVXeruzs7u0fVGuHbRWnkkCLxCyWjyFWwKiAlqaawWMiAfOQQScc3RZ+ZwxS0Vg86EkCAccDQSNKsDbSkz8GkkV577xXddy6O4W9Srw5cdAczV7NKvn9mKQchCYMK9X13EQHGZaaEgZ5xU8VJJiM8AC6hgrMQQXZ9OLcPjVK345iaUpoe6r+ncgwV2rCQ9PJsR6qZa8Q//O6qY5ugoyKJNUgyGxRlDJbx3bxvt2nEohmE0MwkdTcapMhlphoE9LClpCbHyQIeCYx51j0syKsvOsFmR/yzPHyvGJS85YzWiXty7rn1r37K6dxMc+vjI7RCTpDHrpGDXSHmqiFCOLoBb2iN+vd+rA+ra9Za8mazxyhBVg/v5Wlovw=</latexit>

X⇤<latexit sha1_base64="pjn/Pfl5/329rCBPIqmRA53L3jE=">AAACG3icbVBNS8NAEN3Ur1q/Wj16CQZBREoigh4LXjxWtLXQhLLZTNulu5uwu6mUkJ/gVU/+Gm/i1YP/xm2bg219MPB4b4aZeWHCqNKu+2OV1tY3NrfK25Wd3b39g2rtsK3iVBJokZjFshNiBYwKaGmqGXQSCZiHDJ7C0e3UfxqDVDQWj3qSQMDxQNA+JVgb6aHTO+9VHbfuzmCvEq8gDirQ7NWskh/FJOUgNGFYqa7nJjrIsNSUMMgrfqogwWSEB9A1VGAOKshmt+b2qVEiux9LU0LbM/XvRIa5UhMemk6O9VAte1PxP6+b6v5NkFGRpBoEmS/qp8zWsT193I6oBKLZxBBMJDW32mSIJSbaxLOwJeTmBwkCnknMORZR5o+B5F0vyPyQZ46X5xWTmrec0SppX9Y9t+7dXzmNiyK/MjpGJ+gMeegaNdAdaqIWImiAXtArerPerQ/r0/qat5asYuYILcD6/gUtt6Ag</latexit><latexit sha1_base64="pjn/Pfl5/329rCBPIqmRA53L3jE=">AAACG3icbVBNS8NAEN3Ur1q/Wj16CQZBREoigh4LXjxWtLXQhLLZTNulu5uwu6mUkJ/gVU/+Gm/i1YP/xm2bg219MPB4b4aZeWHCqNKu+2OV1tY3NrfK25Wd3b39g2rtsK3iVBJokZjFshNiBYwKaGmqGXQSCZiHDJ7C0e3UfxqDVDQWj3qSQMDxQNA+JVgb6aHTO+9VHbfuzmCvEq8gDirQ7NWskh/FJOUgNGFYqa7nJjrIsNSUMMgrfqogwWSEB9A1VGAOKshmt+b2qVEiux9LU0LbM/XvRIa5UhMemk6O9VAte1PxP6+b6v5NkFGRpBoEmS/qp8zWsT193I6oBKLZxBBMJDW32mSIJSbaxLOwJeTmBwkCnknMORZR5o+B5F0vyPyQZ46X5xWTmrec0SppX9Y9t+7dXzmNiyK/MjpGJ+gMeegaNdAdaqIWImiAXtArerPerQ/r0/qat5asYuYILcD6/gUtt6Ag</latexit><latexit sha1_base64="pjn/Pfl5/329rCBPIqmRA53L3jE=">AAACG3icbVBNS8NAEN3Ur1q/Wj16CQZBREoigh4LXjxWtLXQhLLZTNulu5uwu6mUkJ/gVU/+Gm/i1YP/xm2bg219MPB4b4aZeWHCqNKu+2OV1tY3NrfK25Wd3b39g2rtsK3iVBJokZjFshNiBYwKaGmqGXQSCZiHDJ7C0e3UfxqDVDQWj3qSQMDxQNA+JVgb6aHTO+9VHbfuzmCvEq8gDirQ7NWskh/FJOUgNGFYqa7nJjrIsNSUMMgrfqogwWSEB9A1VGAOKshmt+b2qVEiux9LU0LbM/XvRIa5UhMemk6O9VAte1PxP6+b6v5NkFGRpBoEmS/qp8zWsT193I6oBKLZxBBMJDW32mSIJSbaxLOwJeTmBwkCnknMORZR5o+B5F0vyPyQZ46X5xWTmrec0SppX9Y9t+7dXzmNiyK/MjpGJ+gMeegaNdAdaqIWImiAXtArerPerQ/r0/qat5asYuYILcD6/gUtt6Ag</latexit><latexit sha1_base64="pjn/Pfl5/329rCBPIqmRA53L3jE=">AAACG3icbVBNS8NAEN3Ur1q/Wj16CQZBREoigh4LXjxWtLXQhLLZTNulu5uwu6mUkJ/gVU/+Gm/i1YP/xm2bg219MPB4b4aZeWHCqNKu+2OV1tY3NrfK25Wd3b39g2rtsK3iVBJokZjFshNiBYwKaGmqGXQSCZiHDJ7C0e3UfxqDVDQWj3qSQMDxQNA+JVgb6aHTO+9VHbfuzmCvEq8gDirQ7NWskh/FJOUgNGFYqa7nJjrIsNSUMMgrfqogwWSEB9A1VGAOKshmt+b2qVEiux9LU0LbM/XvRIa5UhMemk6O9VAte1PxP6+b6v5NkFGRpBoEmS/qp8zWsT193I6oBKLZxBBMJDW32mSIJSbaxLOwJeTmBwkCnknMORZR5o+B5F0vyPyQZ46X5xWTmrec0SppX9Y9t+7dXzmNiyK/MjpGJ+gMeegaNdAdaqIWImiAXtArerPerQ/r0/qat5asYuYILcD6/gUtt6Ag</latexit><latexit sha1_base64="pjn/Pfl5/329rCBPIqmRA53L3jE=">AAACG3icbVBNS8NAEN3Ur1q/Wj16CQZBREoigh4LXjxWtLXQhLLZTNulu5uwu6mUkJ/gVU/+Gm/i1YP/xm2bg219MPB4b4aZeWHCqNKu+2OV1tY3NrfK25Wd3b39g2rtsK3iVBJokZjFshNiBYwKaGmqGXQSCZiHDJ7C0e3UfxqDVDQWj3qSQMDxQNA+JVgb6aHTO+9VHbfuzmCvEq8gDirQ7NWskh/FJOUgNGFYqa7nJjrIsNSUMMgrfqogwWSEB9A1VGAOKshmt+b2qVEiux9LU0LbM/XvRIa5UhMemk6O9VAte1PxP6+b6v5NkFGRpBoEmS/qp8zWsT193I6oBKLZxBBMJDW32mSIJSbaxLOwJeTmBwkCnknMORZR5o+B5F0vyPyQZ46X5xWTmrec0SppX9Y9t+7dXzmNiyK/MjpGJ+gMeegaNdAdaqIWImiAXtArerPerQ/r0/qat5asYuYILcD6/gUtt6Ag</latexit>

y
<latexit sha1_base64="zgnQ94UNTPtcCrJcM6dLqEJ4kaQ=">AAACH3icbVBNS8NAEN3Ur1q/Wj16CRbBg5REBD0WvHisYD8gCWWzndalu5uwu6mEkB/hVU/+Gm/itf/GTZuDbX0w8Hhvhpl5Ycyo0o4ztypb2zu7e9X92sHh0fFJvXHaU1EiCXRJxCI5CLECRgV0NdUMBrEEzEMG/XD6UPj9GUhFI/Gs0xgCjieCjinB2kh9fwYkS/Nhvem0nAXsTeKWpIlKdIYNq+KPIpJwEJowrJTnOrEOMiw1JQzymp8oiDGZ4gl4hgrMQQXZ4t7cvjTKyB5H0pTQ9kL9O5FhrlTKQ9PJsX5R614h/ud5iR7fBxkVcaJBkOWiccJsHdnF8/aISiCapYZgIqm51SYvWGKiTUQrW0JufpAg4JVEnGMxyoqocs8NMj/kWdPN85pJzV3PaJP0blqu03Kfbpvt6zK/KjpHF+gKuegOtdEj6qAuImiK3tA7+rA+rS/r2/pZtlascuYMrcCa/wJ7qKJy</latexit><latexit sha1_base64="zgnQ94UNTPtcCrJcM6dLqEJ4kaQ=">AAACH3icbVBNS8NAEN3Ur1q/Wj16CRbBg5REBD0WvHisYD8gCWWzndalu5uwu6mEkB/hVU/+Gm/itf/GTZuDbX0w8Hhvhpl5Ycyo0o4ztypb2zu7e9X92sHh0fFJvXHaU1EiCXRJxCI5CLECRgV0NdUMBrEEzEMG/XD6UPj9GUhFI/Gs0xgCjieCjinB2kh9fwYkS/Nhvem0nAXsTeKWpIlKdIYNq+KPIpJwEJowrJTnOrEOMiw1JQzymp8oiDGZ4gl4hgrMQQXZ4t7cvjTKyB5H0pTQ9kL9O5FhrlTKQ9PJsX5R614h/ud5iR7fBxkVcaJBkOWiccJsHdnF8/aISiCapYZgIqm51SYvWGKiTUQrW0JufpAg4JVEnGMxyoqocs8NMj/kWdPN85pJzV3PaJP0blqu03Kfbpvt6zK/KjpHF+gKuegOtdEj6qAuImiK3tA7+rA+rS/r2/pZtlascuYMrcCa/wJ7qKJy</latexit><latexit sha1_base64="zgnQ94UNTPtcCrJcM6dLqEJ4kaQ=">AAACH3icbVBNS8NAEN3Ur1q/Wj16CRbBg5REBD0WvHisYD8gCWWzndalu5uwu6mEkB/hVU/+Gm/itf/GTZuDbX0w8Hhvhpl5Ycyo0o4ztypb2zu7e9X92sHh0fFJvXHaU1EiCXRJxCI5CLECRgV0NdUMBrEEzEMG/XD6UPj9GUhFI/Gs0xgCjieCjinB2kh9fwYkS/Nhvem0nAXsTeKWpIlKdIYNq+KPIpJwEJowrJTnOrEOMiw1JQzymp8oiDGZ4gl4hgrMQQXZ4t7cvjTKyB5H0pTQ9kL9O5FhrlTKQ9PJsX5R614h/ud5iR7fBxkVcaJBkOWiccJsHdnF8/aISiCapYZgIqm51SYvWGKiTUQrW0JufpAg4JVEnGMxyoqocs8NMj/kWdPN85pJzV3PaJP0blqu03Kfbpvt6zK/KjpHF+gKuegOtdEj6qAuImiK3tA7+rA+rS/r2/pZtlascuYMrcCa/wJ7qKJy</latexit><latexit sha1_base64="zgnQ94UNTPtcCrJcM6dLqEJ4kaQ=">AAACH3icbVBNS8NAEN3Ur1q/Wj16CRbBg5REBD0WvHisYD8gCWWzndalu5uwu6mEkB/hVU/+Gm/itf/GTZuDbX0w8Hhvhpl5Ycyo0o4ztypb2zu7e9X92sHh0fFJvXHaU1EiCXRJxCI5CLECRgV0NdUMBrEEzEMG/XD6UPj9GUhFI/Gs0xgCjieCjinB2kh9fwYkS/Nhvem0nAXsTeKWpIlKdIYNq+KPIpJwEJowrJTnOrEOMiw1JQzymp8oiDGZ4gl4hgrMQQXZ4t7cvjTKyB5H0pTQ9kL9O5FhrlTKQ9PJsX5R614h/ud5iR7fBxkVcaJBkOWiccJsHdnF8/aISiCapYZgIqm51SYvWGKiTUQrW0JufpAg4JVEnGMxyoqocs8NMj/kWdPN85pJzV3PaJP0blqu03Kfbpvt6zK/KjpHF+gKuegOtdEj6qAuImiK3tA7+rA+rS/r2/pZtlascuYMrcCa/wJ7qKJy</latexit><latexit sha1_base64="zgnQ94UNTPtcCrJcM6dLqEJ4kaQ=">AAACH3icbVBNS8NAEN3Ur1q/Wj16CRbBg5REBD0WvHisYD8gCWWzndalu5uwu6mEkB/hVU/+Gm/itf/GTZuDbX0w8Hhvhpl5Ycyo0o4ztypb2zu7e9X92sHh0fFJvXHaU1EiCXRJxCI5CLECRgV0NdUMBrEEzEMG/XD6UPj9GUhFI/Gs0xgCjieCjinB2kh9fwYkS/Nhvem0nAXsTeKWpIlKdIYNq+KPIpJwEJowrJTnOrEOMiw1JQzymp8oiDGZ4gl4hgrMQQXZ4t7cvjTKyB5H0pTQ9kL9O5FhrlTKQ9PJsX5R614h/ud5iR7fBxkVcaJBkOWiccJsHdnF8/aISiCapYZgIqm51SYvWGKiTUQrW0JufpAg4JVEnGMxyoqocs8NMj/kWdPN85pJzV3PaJP0blqu03Kfbpvt6zK/KjpHF+gKuegOtdEj6qAuImiK3tA7+rA+rS/r2/pZtlascuYMrcCa/wJ7qKJy</latexit>

Condition the prior on the observations via Bayes’ rule

f⇤|y ⇠ N
�
f̄⇤,⌃⇤

�
,

f̄⇤ = KT
⇤ [K + ⌃]�1 (y �m) +m⇤,

⌃⇤ = K⇤⇤ �KT
⇤ [K + ⌃]�1 K⇤

<latexit sha1_base64="O/CdZtgC/t3Bubk0KyUhl0FcRdk="></latexit><latexit sha1_base64="O/CdZtgC/t3Bubk0KyUhl0FcRdk="></latexit><latexit sha1_base64="O/CdZtgC/t3Bubk0KyUhl0FcRdk="></latexit><latexit sha1_base64="O/CdZtgC/t3Bubk0KyUhl0FcRdk="></latexit><latexit sha1_base64="O/CdZtgC/t3Bubk0KyUhl0FcRdk="></latexit>

where

http://gaussianprocess.org/gpml


⌃⇤ = K⇤⇤ �KT
⇤ [K + U ]�1 K⇤

<latexit sha1_base64="Jn30Sw3D8wCvjNBcjNje/EE+Wxs="></latexit><latexit sha1_base64="Jn30Sw3D8wCvjNBcjNje/EE+Wxs="></latexit><latexit sha1_base64="Jn30Sw3D8wCvjNBcjNje/EE+Wxs="></latexit><latexit sha1_base64="Jn30Sw3D8wCvjNBcjNje/EE+Wxs="></latexit><latexit sha1_base64="Jn30Sw3D8wCvjNBcjNje/EE+Wxs="></latexit>

GP unfolding
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Posterior mean for GP regression

So we can generalise the MAP result

µ̂⇤ = KT
⇤ [K + U ]�1 �R�1n� µ̄

�
+ µ̄⇤

<latexit sha1_base64="DrzAEsHVXcKlEA/oIWYI2+5H1EQ="></latexit><latexit sha1_base64="DrzAEsHVXcKlEA/oIWYI2+5H1EQ="></latexit><latexit sha1_base64="DrzAEsHVXcKlEA/oIWYI2+5H1EQ="></latexit><latexit sha1_base64="DrzAEsHVXcKlEA/oIWYI2+5H1EQ="></latexit><latexit sha1_base64="DrzAEsHVXcKlEA/oIWYI2+5H1EQ="></latexit>

f⇤|y ⇠ N
�
f̄⇤,⌃⇤

�
,

f̄⇤ = KT
⇤ [K + ⌃]�1 (y �m) +m⇤,

⌃⇤ = K⇤⇤ �KT
⇤ [K + ⌃]�1 K⇤

<latexit sha1_base64="O/CdZtgC/t3Bubk0KyUhl0FcRdk="></latexit><latexit sha1_base64="O/CdZtgC/t3Bubk0KyUhl0FcRdk="></latexit><latexit sha1_base64="O/CdZtgC/t3Bubk0KyUhl0FcRdk="></latexit><latexit sha1_base64="O/CdZtgC/t3Bubk0KyUhl0FcRdk="></latexit><latexit sha1_base64="O/CdZtgC/t3Bubk0KyUhl0FcRdk="></latexit>

where



Example
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Ingredients



Example
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U = np.dot(scipy.linalg.inv(R), 
           np.dot(np.diag(data), 
                  scipy.linalg.inv(R).T)) 

K = kernel(X, X, params) 
alpha = solve(np.dot(R, K+U), data) 

mu = np.dot(K, alpha) 
cov = K - np.dot(K, solve(K+U, Ks.T)) 

Result



Example
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Result



Kernel
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The kernel controls the smoothness of the solution

k(x, x0) = A exp

✓
� (x� x0)2

2l2

◆

<latexit sha1_base64="spnFjA2858ic/2mYjOvV9CkpMEs="></latexit><latexit sha1_base64="spnFjA2858ic/2mYjOvV9CkpMEs="></latexit><latexit sha1_base64="spnFjA2858ic/2mYjOvV9CkpMEs="></latexit><latexit sha1_base64="spnFjA2858ic/2mYjOvV9CkpMEs="></latexit><latexit sha1_base64="spnFjA2858ic/2mYjOvV9CkpMEs="></latexit>

Bias/variance Length scale

Can use physically-motivated kernels

(e.g. JES/PDF uncertainties: Gibbs kernel)

Regularisation can be varied along the spectrum with a non-stationary kernel

How to optimise the hyperparameters?

logP (n|✓) = �1

2

�
R�1n� µ̄

�T
[K✓ + U ]�1 �R�1n� µ̄

�
� 1

2
log |K✓ + U |+ . . .

<latexit sha1_base64="nxintDgLBsiQwEfwbwwzsdjepCk=">AAADCniclVLLjtMwFHXCayivDizZWFRIHUGrZITEbJBGYoPEpqBpZ6Q4UzmO01pjO5HtzKhyvYQVX8MOseUn+As+AScNUuex4Uq2js6951772FnFmTZR9DsIb92+c/fezv3eg4ePHj/p7z6d6bJWhE5JyUt1kmFNOZN0apjh9KRSFIuM0+Ps7H2TPz6nSrNSHplVRVOBF5IVjGDjqXn/D+LlAk6G6JwSKx1cwxYhs6QGuz34Do 5QoTCxsbP7DnFamCH8fGpHsfsnGUGUYWU3OlE7B5Fii6XZO0UCm6Uu7JGnGmUCP87tdn8HX8FpV562TeH/jWgy28fzd1nfNGPtN8Tz0uh5fxCNozbgdRB3YAC6mMx3gxDlJakFlYZwrHUSR5VJLVaGEU5dD9WaVpic4QVNPJRYUJ3a9mkcfOmZHBal8ksa2LLbCouF1iuR+crWrKu5hrwpl9SmOEgtk1VtqCSbQUXNoSlh884wZ4oSw1ceYKKYPyskS+ytMv43XJqSCX8HRSW9IKUQWOatfS6JU4syYQexcz3vWnzVo+tgtj+Oo3H86c3g8HXn3w54Dl6AIYjBW3AIPoAJmAISzIJ18CX4Gn4Lv4c/wp+b0jDoNM/ApQh//QVF6Pao</latexit><latexit sha1_base64="nxintDgLBsiQwEfwbwwzsdjepCk=">AAADCniclVLLjtMwFHXCayivDizZWFRIHUGrZITEbJBGYoPEpqBpZ6Q4UzmO01pjO5HtzKhyvYQVX8MOseUn+As+AScNUuex4Uq2js6951772FnFmTZR9DsIb92+c/fezv3eg4ePHj/p7z6d6bJWhE5JyUt1kmFNOZN0apjh9KRSFIuM0+Ps7H2TPz6nSrNSHplVRVOBF5IVjGDjqXn/D+LlAk6G6JwSKx1cwxYhs6QGuz34Do 5QoTCxsbP7DnFamCH8fGpHsfsnGUGUYWU3OlE7B5Fii6XZO0UCm6Uu7JGnGmUCP87tdn8HX8FpV562TeH/jWgy28fzd1nfNGPtN8Tz0uh5fxCNozbgdRB3YAC6mMx3gxDlJakFlYZwrHUSR5VJLVaGEU5dD9WaVpic4QVNPJRYUJ3a9mkcfOmZHBal8ksa2LLbCouF1iuR+crWrKu5hrwpl9SmOEgtk1VtqCSbQUXNoSlh884wZ4oSw1ceYKKYPyskS+ytMv43XJqSCX8HRSW9IKUQWOatfS6JU4syYQexcz3vWnzVo+tgtj+Oo3H86c3g8HXn3w54Dl6AIYjBW3AIPoAJmAISzIJ18CX4Gn4Lv4c/wp+b0jDoNM/ApQh//QVF6Pao</latexit><latexit sha1_base64="nxintDgLBsiQwEfwbwwzsdjepCk=">AAADCniclVLLjtMwFHXCayivDizZWFRIHUGrZITEbJBGYoPEpqBpZ6Q4UzmO01pjO5HtzKhyvYQVX8MOseUn+As+AScNUuex4Uq2js6951772FnFmTZR9DsIb92+c/fezv3eg4ePHj/p7z6d6bJWhE5JyUt1kmFNOZN0apjh9KRSFIuM0+Ps7H2TPz6nSrNSHplVRVOBF5IVjGDjqXn/D+LlAk6G6JwSKx1cwxYhs6QGuz34Do 5QoTCxsbP7DnFamCH8fGpHsfsnGUGUYWU3OlE7B5Fii6XZO0UCm6Uu7JGnGmUCP87tdn8HX8FpV562TeH/jWgy28fzd1nfNGPtN8Tz0uh5fxCNozbgdRB3YAC6mMx3gxDlJakFlYZwrHUSR5VJLVaGEU5dD9WaVpic4QVNPJRYUJ3a9mkcfOmZHBal8ksa2LLbCouF1iuR+crWrKu5hrwpl9SmOEgtk1VtqCSbQUXNoSlh884wZ4oSw1ceYKKYPyskS+ytMv43XJqSCX8HRSW9IKUQWOatfS6JU4syYQexcz3vWnzVo+tgtj+Oo3H86c3g8HXn3w54Dl6AIYjBW3AIPoAJmAISzIJ18CX4Gn4Lv4c/wp+b0jDoNM/ApQh//QVF6Pao</latexit><latexit sha1_base64="nxintDgLBsiQwEfwbwwzsdjepCk="></latexit><latexit sha1_base64="nxintDgLBsiQwEfwbwwzsdjepCk="></latexit>
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Regularisation can be varied along the spectrum with a non-stationary kernel

How to optimise the hyperparameters?

logP (n|✓) = �1

2

�
R�1n� µ̄

�T
[K✓ + U ]�1 �R�1n� µ̄

�
� 1

2
log |K✓ + U |+ . . .
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Varying regularisation

!26

k(r) =
eγ

12
(2r3 − 3Rr2 + R3) where r = |x − x′�|



Conclusion

!27

Unfolding can be performed with a GP regressor


The MAP estimator is the mean of a GP using the 

ML estimator as training points


The kernel controls the regularisation 
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Code: github.com/adambozson/gp-unfold
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