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Unfolding: formulation of the problem

Consider a random variable y, goal is to determine pdf £(y).
If parameterization f{y;#) known, find e.g. ML estimators 6

If no parameterization available, construct histogram:

80

pj = / fy)dy
bin j

60

Hj = HtotPj

\

“true” histogram

40

expected entries

20

- New goal: construct
y  estimators for the y; (or p)).
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Migration
Effect of measurement errors: y = true value, x = observed value,
migration of entries between bins,

f(y) 1s ‘smeared out’, peaks broadened.

fmeas(Z /R 1Y) ferue(y) dy

l, discretize: dataare n = (ny,....nyN)
M
v; = En;] Z Rijpi, 1=1,...,N response
matrix

Ri; = P(observed in bin 7 |true in bin j)

Note u, v are constants; n subject to statistical fluctuations.
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Efficiency, background

Sometimes an event goes undetected:

N N
Z Ri; = Z P(observed in bin i | true value in bin j)
i=1 i=1

— P(observed anywhere | true value in bin j)

4

j <«— cfficiency

Sometimes an observed event 1s due to a background process:
M

Vi = Z R + Bi
j=1
p; = expected number of background events in observed histogram.

For now, assume the f, are known.
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The basic ingredients
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Summary of ingredients

‘true” histogram:  pu = (p1,..., pM), ot = Z“ ’

probabilities: P = (p1,...,PM) = K/ htot

expectation values for observed histogram: v = (v1,...,VN)
observed histogram: n = (ni,...,nN)
response matrix: R;; = P(observed in bin 7 | true in bin j)

N
efficiencies:  &; =Y Ry

expected background: B3 = (b1,...,0n)

These are related by: Enl=v=Ru+p
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Maximum likelihood (ML) estimator
from 1nverting the response matrix

Assume v = Rp + (3 canbeinverted: p = R_I(V — ,3)

. | vt
Suppose data are independent Poisson: P (n;; 1) = o e
,i.

N
So the log-likelihood is  In L(p) = Z(ni Inv; — ;)
i=1

ML estimatoris Y = n

—> a=R'n-p)
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What went wrong?

800

1 Suppose u really had a lot of

600 [ A A

18 q fine structure.

400

200 é’ [I

800

600 — - _ le
Applying R washes this 400 |

| d
out, but leaves a residual oo ﬁ
structure: [
_] —

Applying R 1'tov puts the fine structure back: i = R™'D.

But we don’t have v, only n. R™! “thinks” fluctuations in n are
the residual of original fine structure, puts this back into .
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ML solution revisited
For Poisson data the ML estimators are unbiased:
Eli) = R™Y(En] - B) = p
Their covariance 1s:

Uij = covlfii, fij] = Z zk R_ ) j1 cOV [N, 1]
k=1

N
=Y (R Ya(R™ )k
k=1
(Recall these statistical errors were huge for the example shown.)
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ML solution revisited (2)

The information inequality gives for unbiased estimators the
minimum (co)variance bound:

[@‘H(_)g‘ /,—| B i R R
laﬂ-l; a,U-'Z_I i=1 U

(U Y = —E

invert > [J;; = by (R Y (R 1

This 1s the same as the actual variance! I.e. ML solution gives

smallest variance among all unbiased estimators, even though
this variance was huge.

In unfolding one must accept some bias in exchange for a
(hopefully large) reduction in variance.
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Correction factor method

Use equal binning for ﬁ, U and take 1 = C} (n, 3; ) where

MC ) .
O — Mo \I( and ,u, © from Monte Carlo
2 l/,,-j\"IC Slmulatlon (no background).

U.,jj . ()\-’[ (4, ,[L]'] = C'.,? C()V['nia n}]

Often C; ~ O(1) so statistical errors far smaller than for ML.

pMC 10;
But the bias b; = E[,u.,j] — Mils b = I )
' MC S1Z
Vi Vi
Nonzero bias unless MC = Nature. /1

sig e
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Example from Bob Cousins

Reality check on the statistical errors

Suppose for some bin i we have:
C; =0.1 B3; =0 n; = 100
—_—> [Lz' — C’znz = 10 Op; — Cz-\/-n.z- = 1.0 (10% stat.

eIror)

But according to the estimate, only 10 of the 100 events
found 1n the bin belong there; the rest spilled in from outside.

How can we have a 10% measurement if it 1s based on only 10
events that really carry information about the desired parameter?
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Discussion of correction factor method

As with all unfolding methods, we get a reduction in statistical
error 1n exchange for a bias; here the bias 1s difficult to quantify
(difficult also for many other unfolding methods).

The bias should be small 1f the bin width is substantially larger
than the resolution, so that there 1s not much bin migration.

So 1f other uncertainties dominate in an analysis, correction factors
may provide a quick and simple solution (a “first-look™).

Still the method has important flaws and 1t would be best to
avoid it.
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Regularized unfolding

Consider ‘reasonable’ estimators such that for some A log L.
l()g L([Z) > log Lma.x — A log L

Out of these estimators, choose the ‘smoothest’, by maximizing
O(fi) = o log L(f1) + S(f),

S(fi) = regularization function (measure of smoothness),

a = regularization parameter (choose to give desired A log L)
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Regularized unfolding (2)

N
In addition require > v; = ) Ri]-,u]— = Ntot. .. Maximize
i=1 i
— — — ‘7\:
90(:“7 )‘) - l()gL(,LL) + S(,LL) + A Ntot — L V;

.2' _—

N
where A is a Lagrange multiplier, OJp /X = 0 — X 1; = Nyt
1=1

a = () gives smoothest solution (ignores datal),

a — 00 gives ML solution (variance too large).

T . . . -
We need:  regularization function S( i),
a prescription for setting .
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Tikhonov regularization

Take measure of smoothness = mean square of kth derivative,

dkftrue(y)
dyk

2
) dy , wherek = 1,2, ...

S[fre(y)] = — | (

If we use Tikhonov (k = 2) with log L, = —%XQ,

M—2

S(p) =— ) (—pi +2pi41 — pit2)®
i—1

Lo Qv . .
c/)(,u, A) = —;XQ(,[L) + S(,LL) quadratic in L4;,

— setting derivatives of 0 equal to zero gives linear equations.
Solution using Singular Value Decomposition (SVD).
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SVD implementation of Tikhonov unfolding

A. Hoecker, V. Kartvelishvili, NIM A372 (1996) 469;
(TSVDUnfold in ROOT).

Minimizes Xﬁg(u) + T Z [(,U'i—l-l — i) — (Hi — Hz‘—l)g]
()

Numerical implementation using Singular Value Decomposition.
Recommendations for setting regularization parameter t:

Transform variables so errors ~ Gauss(0,1);

number of transformed values significantly different
from zero gives prescription for ;

or base choice of 7 on unfolding of test distributions.
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A. Hocker, V.
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Regularization function based on entropy

Shannon entropy of a set of probabilities is

M
H = — '21 pilog p;
i

All p; equal — maximum entropy (maximum smoothness)
One p; = 1, all others = 0 — minimum entropy

Use entropy as regularization function,

_ R M N’Z ,u'l
S() = H(ji) = — ¥ —log
1=1 [htot Htot

X log(mlmber of ways to arrange it entries in M bins)

Can have Bayesian motivation: S ( [[) —s prior pdf for i
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Example of entropy-based unfolding
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G. Cowan, Statistical Data Analysis, OUP (1998) Ch. 11

Estimating bias and variance

In general, the equations determining ﬁ(’fi) are nonlinear.

Expand ﬁ(ﬁ) about 7hs (observed data set),
Use error propagation to get covariance Uz-j = COV[,LALz-, ,LAL]-],

and estimators for the bias, bi = F [ILALZ'] — [,

A N ("),LALZ' .
b; = X - Ui —n
! i1 C)'n] ( J .7)7
Wherela’zRﬁ—I—g. (NBI% n. )
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G. Cowan, Statistical Data Analysis, OUP (1998) Ch. 11
Choosing the regularization parameter
a=0— /Aj maximally smooth (ignores data).
« — 00 — ML solution (no bias, very large variance).

Possible criteria for best trade-off between bias and variance:

Minimize mean squared error,

1 M .
M El( b)), o
1 M Uy + b2
MSE' = — . -
M z:§1 [l
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G. Cowan, Statistical Data Analysis, OUP (1998) Ch. 11
Choosing the regularization parameter (2)

Or look at changes in X2 from unregularized (ML) solution,
Ay?=2AlogL =N

Or require that bias be consistent with zero to within its own error,

, M Db , -
Xb = El W, = M where W ij — COV [bz-, bj].

i.e. if bias significantly different from zero, we would subtract it;

— equivalent to going to smaller A log L or larger « (less bias).
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G. Cowan, Statistical Data Analysis, OUP (1998) Ch. 11

Some examples with Tikhonov regularization
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G. Cowan, Statistical Data Analysis, OUP (1998) Ch. 11

Some examples with entropy regularization
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Stat. and sys. errors of unfolded solution

In general the statistical covariance matrix of the unfolded
estimators 1s not diagonal; need to report full

Ui; = cov|fii, [i;]

But unfolding necessarily introduces biases as well, corresponding
to a systematic uncertainty (also correlated between bins).

This 1s more difficult to estimate. Suppose, nevertheless,
we manage to report both Uy, and U,

To test a new theory depending on parameters @, use e.g.

X°(0) = (1(0) — )" (Ustat + Usys) ™" (1(8) — 1)

Mixes frequentist and Bayesian elements; interpretation of result
can be problematic, especially if U itself has large uncertainty.
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Folding

Suppose a theory predicts f(y) — u (may depend on parameters ).

Given the response matrix R and expected background f, this
predicts the expected numbers of observed events:

v=Rp+p3

From this we can get the likelihood, e.g., for Poisson data,

L(n|v) =

And using this we can fit parameters and/or test, e.g., using
the likelihood ratio statistic

_ L(nlv)
=2l hE) TN
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Versus unfolding

If we have an unfolded spectrum and full statistical and
systematic covariance matrices, to compare this to a model u
compute likelithood

L(ft|p) ~ e/
where

X2 — (N - ﬂ)T(Ust.at + Usys)_l(/-l' - /-Al')
Complications because one needs estimate of systematic bias U,

If we find a gain in sensitivity from the test using the unfolded
distribution, e.g., through a decrease 1n statistical errors, then we
are exploiting information inserted via the regularization (e.g.,
imposed smoothness).
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ML solution again

From the standpoint of testing a theory or estimating its parameters,

the ML solution, despite catastrophically large errors, 1s equivalent
to using the uncorrected data (same information content).

There 1s no bias (at least from unfolding), so use
1 (0) = (14(8) — finir.)" Ustar (14(8) — finr)

The estimators of @ should have close to optimal properties:
zero bias, minimum variance.

The corresponding estimators from any unfolded solution cannot
in general match this.

Crucial point is to use full covariance, not just diagonal errors.
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Unfolding discussion

Unfolding can be a minefield and is not necessary if goal is to
compare measured distribution with a model prediction.

Even comparison of uncorrected distribution with future theories
not a problem, as long as it 1s reported together with the expected
background and response matrix.

In practice complications because these ingredients have
uncertainties, and they must be reported as well.

Unfolding useful for getting an actual estimate of the distribution
we think we’ve measured; can e.g. compare ATLAS/CMS.

Model test using unfolded distribution should take account of
the (correlated) bias introduced by the unfolding procedure.
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Finally...

Estimation of parameters is usually the “easy” part of
statistics:

Frequentist: maximize the likelihood.
Bayesian: find posterior pdf and summarize (e.g. mode).

Standard tools for quantifying precision of estimates:
Variance of estimators, confidence intervals,...

But there are many potential stumbling blocks:

G. Cowan

bias versus variance trade-off (how many parameters to fit?);
goodness of fit (usually only for LS or binned data);
choice of prior for Bayesian approach;

unexpected behaviour in LS averages with correlations,...
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Extra slides
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Variance of estimators from information inequality

The information inequality (RCF) sets a lower bound on the

variance of any estimator (not only ML): . ,
Minimum Variance

9N 2 921n I, Bound (MVB)
sz(““%) /E[_ 962 ] (b= E[0] - 0)

Often the bias b 1s small, and equality either holds exactly or
1s a good approximation (e.g. large data sample limit). Then,

821In L
s f[EE

Estimate this using the 2nd derivative of In L at its maximum:

_1
18] = — (82In L)

062

-~

0=0
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Information inequality for n parameters

Suppose we have estimated n parameters 0= (01,...,00).

The (inverse) minimum variance bound 1s given by the
Fisher information matrix:

9%1n L 9% 1n P(x|0)
I;=— = — | P(x|6 d
I [aez- aej] / (10) 55,50, — %

The information inequality then states that V' — I"! is a positive
semi-definite matrix, where V;; = cov([f;,0;]. Therefore

Vgl > (I Yy

Often use I"! as an approximation for covariance matrix
92

estimate using e.g. matrix of 2nd derivatives at maximum of L.
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