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TESTS OF STATISTICAL HYPOTHESES CONCERNING
SEVERAL PARAMETERS WHEN THE NUMBER OF
OBSERVATIONS IS LARGE(Y)

BY
ABRAHAM WALD
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1. Introduction. In this paper we shall deal with the following general prob-
lem: Let f(x!, x2, - =+, x7, 61, - - -, 6%) be the joint probability density func~
tion of the variates (chance variables) %!, - - -, x" involving 2 unknown pa-
rameters 61, - - -, 0%, Any set of % values 6!, - - -, 6% can be represented by a
point # in the k-dimensional Cartesian space with the coordinates 8!, - - -, 6*.
We shall denote the set of all possible parameter points by €. The set Q is
called parameter space. The parameter space 2 may be the whole k-dimen-
sional Cartesian space, or a subset of it. For any subset w of Q, we shall
denote by H, the hypothesis that the parameter point lies in w. If w consists
of a single point, H, is called a simple hypothesis, otherwise H,, is called a
composite hypothesis. In this paper we shall discuss the question of an ap-
propriate test of the hypothesis H, based on a large number of independent
observationson x1, - -+, x".

For simplicity we shall introduce the following notations: The letter 6 or 8;
for any subscript 7 will denote a point in the parameter space . The letter x

Some of the results contained in this paper were presented. to the Society, February 22,
1941 and September 2, 1941; received by the editors March 31, 1943.
(*) Research under a grant-in-aid from the Carnegie Corporation of New York.
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will denote the random vector with the components x!, - - -, x7, and %,
will denote the random vector with the components %, - - -, x, where x%
(4=1, 2, - - -, 7) denotes the ath observation on x% In general, the com-
ponents of a vector v in the s-dimensional space will be denoted by ¢!, - - -, v*,
that is the components of a vector will always be indicated by superscripts.
Throughout this paper all vectors have their initial points at the origin.
We denote by E, a sample point in the rn-dimensional sample space of #
independent observations on the random vector x. For any relation R we
denote by P(R| ) the probability that-R holds under the assumption that
is the true parameter point. A region (subset) of the rz-dimensional sample
space will always be denoted by a capital letter with the subscript #. For any
region W, the symbol P(W,.IG) will denote the probability that E, falls
within W, under the assumption that 6 is the true parameter point. Through-
out this paper the word “region” will be used synonymously with “subset,”
since in the theory of testing statistical hypotheses it is customary to call the
subsets which are used as criterions of rejection, critical regions.

By maximum likelihood estimates 65, - - -, 6% of 6, - - -, 6% we mean
values of 6, - - -, 6% for which [[*..f(xL, - - -, «, 6%, - - -, 0%) becomes a
maximum. The subscript # in the symbol 6 will indicate that the maximum
likelihood estimate is based on 7 independent observations on x’, - - -, x".
A region W, in the rz-dimensional sample space is called a critical region
for testing the hypothesis H,, if we decide to reject H, when and only when
the observed sample point falls within W,. For any 6 not in o the value of
P(W,.IG) is called the power of the critical region W, with respect to the
alternative hypothesis 6. The least upper bound of P(W,.|0) with respect
to 0, restricting # to w, will be called the size of the critical region W,. A criti-
cal region is considered the better, the smaller its size and the greater its
power.

In several previous publications(?) the author has considered the case of
a single unknown parameter 6 and the problem of testing a simple hypothesis
6 =0,. It was shown, among other things, that under certain conditions the
critical region given by the inequality In‘/ 2(6,—600) | = A, has certain optimum
properties. Here the symbol A4, denotes some properly chosen constant. In
this paper the general case of several unknown parameters is treated and
simple as well as composite hypotheses are considered.

By an equality or inequality among vectors we shall mean that the equality
or inequality holds for all components. For example, if 6, denotes the vector
with the components 6}, - - -, 6% where 6}, is the maximum likelihood esti-
mate of 6%, and if 4 is a real number, then the inequality

nt2(6, — 0) < A

® As.ymptotically most powerful tests of statistical hypotheses, Ann. Math. Statist. vol. 12
(1941). Some examples of asymptotically most powerful tests, Ann. Math. Statist. ibid.
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denotes the set of inequalities

1/2, .4

n' (6, —0) <A (i=1,---,k.
Or, if ¢ is a vector with the components #, - - «, ¥, then
w20, — 0) <t

denotes the set of inequalities

2 -0 <t G=1,---,k).
2. Assumptions on the density function f(«,0). For any function ¢(x) weshall
use the symbol [ 2y(x)dx as an abbreviation for [T - - [f3y(x) dx!- - - dx™.

Denote by Eqf(x) the expected value of ¢(x) under the assumption that 6 is
the true parameter point, that is

+o0
Egp(x) = | ¢(2)f(x, O)dx.

For any «x, any positive value 8, and any 6, denote by ¥:j(x, 6, &)
the greatest lower bound, and by ¢;;(x, 6, 6) the least upper bound of
9? log f(x, 0)/86067 with respect to 0 in the f-interval |§—06,| <.

Throughout this paper the following assumptions on f(x, 6) are made:

AssuMPTION 1. Denote by D, the set of all sample points E, for which the
maximum likelihood estimate 6,= (6}, - - - , 6F) exists and the second order par-
tial derivatives 0*f (x4, 0)/060°0607 (=1, - - -, n;3, j=1, - - -, k) are continuous
Junctions of 0. It is assumed that

lim P(D,|6) =1 uniformly in 0.
nw= 0
If for a sample point E, there exist several maximum likelihood estimates,

we can select one of them by some given rule. Hence we shall consider 6, as
a single-valued function of E, defined for all points of D,.

AssuMmpTION 1I. For any positive €

lim P[] 6, — 0| <e|0] =1

n=o

uniformly in 0, where 6, denotes the vector with the components 6, - - -, 6%
and 6}, is the maximum likelihood estimate of 0.

Assumption II is somewhat more than consistency of the maximum likeli-
hood estimate 6,. In fact consistency means only that for any positive e

lim P[| 6., — 0| < €| 6] =1,
n=o

without requiring that the convergence be uniform in 6. If 8, satisfies Assump-
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tion IT we shall say that , is a uniformly consistent estimate of 8. A rigorous
proof of the consistency of 6, (under certain restrictions on f(x, 6)) was given
by J. L. Doob(®). The uniform consistency of 6, together with the uniform
consistency of the likelihood ratio test will be proved on the basis of some
weak assumptions on f(x, 0) in a forthcoming paper.

AssuMpTION 1I1. The following three conditions are fulfilled:

(a) For any sequences {01}, {62n}, and { 8.} for which limame 010 =liMpuy, 020
=0 and lim 8, =0 we have
a2 log f(x, 6)

'}1:2 Eﬂln‘l’i:’(xy ean 6n) = '}1:2 Eolnd’ii(xr O2n, 61») = Ey 5007

uniformly in 0.

(b) There exists a positive € such that the expectations Eq,[:5(x, 05, 8)]* and
Eo,[¢ii(x, 02, 8) ]2 are bounded functions of 61, 02 and & in the domain D, defined
by the inequalities |01—0:| Seand | 8| Se.

(c) The greatest lower bound with respect to 0 of the absolute value of the de-
terminant of the matrix | — Eo(3? log f(x, 6))/86°00 || is positive.

AssuMpTION IV. [*20f(x, 6)/36¢ dx = [T20%(x, 6)/000¢' dx =0.

Assumption I'V simply means that we may differentiate with respect to ¢
under the integral sign. In fact

+o
f(x, 0)dx = 1
identically in 6. Hence -
9 [t e e
P -wf(x, 0)dx = YTy _wf(x, 0)dx = 0.

Differentiating under the integral sign, we obtain the relations in Assump-
tion I'V.
AssuMPTION V. There exists a positive n such that

241

E,

i)
— log f(x, 6
5 108 /(% 0)

are bounded functions of 0.

3. The joint limit distribution of §,. Denote n'/%(6,—06%) by 2;,(6°) and let
2.(0) be the vector with the components z3(6"), - - -, 2:(6%). For any constant
vector ¢ denote the probability P [z.(6) <t| 0] by '1>,.(t| 6). We shall prove the
following proposition.

®) J. L. Doob, Probability and statistics, Trans. Amer. Math. Soc. vol. 36 (1934) pp. 759-
775.
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ProvrosITION 1. The distribution function <I>,,(t[ 0) converges with n— oo, uni-
formly in t and 0, towards the cumulative multivariate normal distribution with
zero means and covariance matrix

[l @] = [le:s@®)]|
where
c:i(6) = — E,3? log f(x, 6)/36%061.
Proof. Because of Assumption IV, we have

E, a4 log f(x, 6) _ f+°° af(x, 6)

1
W a6t o 08%

dx = 0.

From

o*log f(x,0) 1  3°f(x, 6) }_ -if_if.]
30%061  f(x,0) o0i08F fz[aoi a6

we obtain because of Assumption IV

dlog f 8 logj]} _ 0% log f(x, 6) 3
@ E’{[ o oo A T T e - O

From (2) it follows that the matrix ||c:;(8)|| is positive definite or semidefinite.
Because of condition (c) of Assumption III the matrix"c.-j(@)” must be posi-
tive definite, For any point E, of the set D, defined in Assumption I consider
the Taylor expansion

d log f(%a, 61) d log f(%e, 6)
Z.: a6 B “;‘ a9+

i 7, a% 1 (%ar 0
+Zel-S[ £ TR0

@A)

where @ lies on the segment connecting the points # and 6. Denote
n=1%y_ .0 log f(xa, 0)/06° by y,(0) and let y.(6) be the vector with the compo-
nents yi(0), - - -, y%(8). Substituting 6, for 6; in (3), the left-hand side of
(3) becomes equal to zero and we obtain

; ve, i i 1 0% log f(xa, )T _
(4) }’n(o)"';{[" (on—a)]';[; W]} =0
or

Z 02 log f(xav a)] =0

i i1
) y,.<o)+zi:zn(o);[ I
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-Let » be an arbitrary positive number and let Q.(f) be the subset of D, for
which the inequality

1 9% log f(%e B)
© w T o T @] <r

holds. We will prove that
0 lim P[Q.(6)] 6] = 1

n=ow

uniformly in 6.
Let 7o be a positive number such that

9% log f(x, 0 v
Eyp:i(, 0, 70) — Ep _g_jl_)l <=

0007 | 2

® ' a2 log f(x, 6) v
Ewii(%, 0, 7)) — E, -——~———l < —

i 0 mo) = Bo = o 2

for all values of 0. Because of condition (a) of Assumption III, such a 7, cer-
tainly exists. Denote by R,(f) the subset of D, consisting of all points E, for
which the inequality

(9) | 6. — 0] < 7o
holds. Because of Assumption 11

(10) lim P[R.(6)] 6] = 1

uniformly in 0. Since 8 lies in the interval [6,, 8] we have for all points of R.(6)
(11) |86 — 6] <70 G=1,---,k.
Hence at any point of R,(f) the inequality

(12) > Vii(%ar 6, 7o) S D 9* log f(xa, )

30007 < Y ¢ii(%a, 0, 7o)

holds. Let the region S.(f) be defined by the inequality

1 v
(13) - 2 $uiar 6, 70) — Enpis(s, 0, 70) | < —
and T,(0) be defined by the inequality

1 v
(14) . > Vii(%a, 8, 7)) — Eapsi(%, 6, 70) | < 5

It follows from (b) of Assumption III and Tshebysheff’s inequality that
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(15) lim P[S(6) |o] = lim P[T(6) |6] =1

uniformly in 6. Denote by U,(f) the common part of the regions R,(6), S.(6)
and T'»(0). In U,(0) we have because of (8), (13) and (14)

92 log f(x, 6) ‘
— | <,
00:907
92 lo , 0
00%907

1
; D $ii(%ay 0, 7o) — Ey
(16) 1“

l . D Vii(%a, 8, 7o) — Eo

From this we obtain (6) because of (12). That is to say, the inequality (6)
is valid everywhere in U,(§). Since limu~,, P[U.(0) IO] =1 uniformly in 6 and
U.(9) is a subset of D,, our statement about Q.(0) is proved.

Since the determinant ICij(B)I has a positive lower bound, we obtain
easily from (5) and (6)

(17) 20) = T 5160) [560) + vecin(En, 6, 1)),

where ¢€;;:(E,, 8, ») is a bounded function of E,, 6, and », provided that, for
each 0, E, is restricted to points of Q,(6) and IVI is less than a certain posi-
tive number .

Let 2.(0) be defined as follows: 2,(8) =2,.(f) at any point of Q.(9), and

50) = 2 5.0)44(6)
i
at any point outside Q.(6). It follows from (7) that
(18) lim {P[z.(6) < t|0] — P[z.(6) <] 6]} =0

uniformly in ¢ and 6.

Denote »_;y4(8)a:;(6) by #(6) and let #,(6) be the vector with the com-
ponents #,(6), - - -, #:(8). From (1), (2), Assumption V and the general
limit theorems it follows that P[y.(6) <t| 0] converges with n— «, uniformly
in ¢ and 6, towards the k-variate cumulative normal distribution with zero
means and covariance matrix ||c;;j(8)||. From this we easily obtain that
P[z.(0) <t| 9] converges with #— e, uniformly in ¢ and 6, towards the cumu-
lative joint normal distribution with zero means and covariance matrix
[lo:5(0)]|. Since » can be chosen arbitrarily small, we obviously have because

of (17)
(19) lim {P[2.(0) < t]| 6] — P[z.(6) < t|6]} =0

uniformly in ¢ and 6. Proposition I follows from (18) and (19).
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4. Reduction of the general problem to the case of a multivariate normal
distribution. In this section we shall prove two lemmas which will enable us
to reduce the general problem of large sample inference to the case where the
variates under consideration have a joint normal distribution.

LeEMMA 1. For each positive integer n there exists a set-function W¥(Wa)
defined over all Borel measurable subsets W, of the rn-dimensional sample space
such that the following two conditions are fulfilled:

(a) For each Wa., Wa*(W.,) is a Borel measurable subset of the rn-dimen-
stonal sample space with the following property: For each point of W¥(W.,) the
maximum likelihood estimale exists and if a sample point E, lies in W (W)
then also all those points E. lie in WX(W,) for which 0.(Ex ) =0n(En).

(b) Limaey {P[WXW.)|0]—P[W.|0]} =0 uniformly in 6 and W..

Proof. Let A be a real variable which takes only non-negative values and
consider the region W,(0, \) defined as the common part of the region W,
and the region ]n”z(é,.—-(i)l =A\. Similarly let W.¥(W,, 6, N\) be the intersec-
tion of W,*(W.,) and the region |n!/2(6,—6)| S\.

For any function ®(») we will denote by g.l.b., ®(v) and l.u.b., ®(v) the
greatest lower bound and the least upper bound of ®(v) respectively.

Since, on account of Proposition I, for any sequence {\,} for which
liMpep A= ©

lim {glb. [P[|nV2(6. —6)| = \.|8]]} =1,

n=w 0
Lemma I is proved if we show that there exists a sequence {\,} not depending
on § and W, such that lim,.., A\, = % and

(20) lim {P[W.(0,2)] 6] — P[Wa(Wa, 6,0) ] 0]} =0

uniformly in W, and 6.

Let g be a real variable restricted to values greater than 1. For any set
of % integers (71, - - -, &) and for any value ¢ denote by I.(r1, - - -, 7%, @)
the region defined by the inequalities:

-1/2 1/2 -1/2 1/2
(21) :1_____{_.<9;<2__—’:__/_,... Cli.____/__.<g:<___._._rk+/ .

ok qnii? ’ qnti? qntl?

Furthermore denote by 0.(ri, - + -, 7, ¢) the parameter point with the co-
ordinates 7,/gn'/?, - - -, ri/gn'/%. We order the system of all sets of % in-
tegers (r1, - + -, 7%) in a sequence and we shall denote by I.,(g) the interval
I.(ry, -+, 7, q) where (71, - - -, ) is the sth element in the ordered se-
quence (s=1, 2, - - -, ad inf.). Similarly 0..(¢) denotes the parameter point
0.(r1, - - -, 7, @) where (71, - - -, 1) is the sth element in the ordered sequence.
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Let J..(Wa,, ¢) be the common part of the three regions I,,(¢g), W, and
Q.[04.(g) ] where for any 6, Q.(6) is defined by the inequalities

l%; ¢-'f(xa, ) ) + c.,(o)l S — +v(n) + 3(w),
22
(22) ‘%z \bej(xa, 8, ﬁ) + c.~,~(0)1 S =+ () + 5(n).

The expression »(n) is equal to L.u.b.g [Eepis(x, 0, 2/n1/3) — Egis(x, 6, 2/n'/%)]
and the expression ¥(n) is defined as follows: Denote by c;j(6, n) the least
upper bound of |c:;(8) —c:;(8)| with respect to 8 where § can take only values
in the interval [#—1/#13, 6+1/%Y3]. Then 5(n) is defined as the least upper
bound of ¢;;(0, n) with respect to 8, 7 and j. Because of condition (a) of As-
sumption III, we obtain

(23) . lim »(n) = lim p(n) = 0.

Let JX(W., g) be a subset of I,(g) such that the following two conditions
are fulfilled:

(24a) If E, is an element of J (W, q) then also all those points E,’ for
which 0,(E,) =0,(E.) are elements of J5(Wa, ¢), that is JA(W,, g¢) can be
represented as a subset of the space of the maximum likelihood estimates.
Furthermore JX(W.,, q) is an interval in this space.

(24b) len—eo{l u.b., WulP Tos( W, 9)‘0nn(Q)] ‘B[ m(Wm Q)Ienc(Q)]l }
=0 where B(V,|0) denotes the probability of V, calculated on the basis that
the joint distribution of nY2(6,—6), - - -, nV2(65—6%) is normal with zero
means and covariance matrix ||o:;(6)|| =||c.~,'(0)”"1.

The existence of such a set J(W,, ¢) can be proved as follows: Obvi-
ously there exists a subset Ju(W.,, ¢) of I.(g) such that (24a) is fulfilled and

Bl neWar @) | 0n(@)] = min { P[Jas(Wa, @) | 600() ], BTne() | e} ]}

Since Ju(W., g) is a subset of I.(g) and since lim,. {P[I..(9)|0.(2)]
—‘B[I".(q)IOM(q) } =0 uniformly in s, the above defined subset Jk(Wa, ¢)
satisfies also the condition (24b). We define

(25) n(Wm Q) Z Jm(Wm q)

8=1

Furthermore we define the regions J.(W,, 0, N\, ¢) and JX(W,, 6, \, g) as
follows:

(26) Ju(Wm 6, \, Q) = E ]na(Wm Q):

(27) J:(Wm 6, N, q) = 2: J:a(Wm q)
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where the summation is to be taken over all values of s for which |0—0,.s(9) '
<\/ni2,

Let T7X(W., ) be the intersection of JX(Wa., g) and Q.[0.(¢)], and let
TX(Wa, 0, N, @ =2_.T5(W., ¢) where the summation is to be taken over all
values of s for which IO—B,..(q)I S\/n'2, Furthermore let W.*(W,, 6, \, g) be
the intersection of W,*(W,, ¢) with the region |n'/2(d,—8)| S\.

If for a value of s we have nWI 0-—0,..(q)| <\ then for all points of I,,(g)
we have nY 2| B—Onl <\+1/q. If there exists a point in I,(g) for which
n1/2|0—0,.| s<\—1/q then n1/2|0—0,.,(q)| <\. Hence W¥(W., 0, \—1/q, q) is
a subset of J¥(W,, 6, \, g), and the latter is a subset of W.*(W.,, 0, \+1/g, ).
Thus

| P[Wa(W., 0, g)| 6] — P[Ja(Wa,0,\, q)|6]]
(28) < P[Wi(W., 0, + 1/q,9)| 6] — P[Wa(W., 0,\ — 1/g,9)| 6]
< P[\—1/qg < n'2| 6, — 0] = X\ + 1/q] 6.

According to condition (b) of Assumption III Es[¢ii(x, 6, 8)]* and
Eg[y:i(x, 0, 8)]* are bounded functions of 6. Hence also Eepis(x, 0, 8) and
Eg:j(x, 0, 8) are bounded functions of 0. Substituting § =0 we find that c¢;(0)
is a bounded function of 6. From the boundedness of ¢;j(f) and from the
fact that the determinant |c.~,~(0)| has a positive lower bound (condition (c)
of Assumption III) it follows because of Proposition I that

(29) lim {Lu.b. P[\ — 1/g < n'/2| 4, — 6| =X+ 1/¢|0]} =0

g=e []

uniformly in N. From (28) and (29) we obtain
(30) lim sup{Lu.b. | P[Wr(W., 6, \, )| 6] — P[T(W., 0, N, )| 61|} = e\, @)
n=co 0, W, '

where lim .., &(A, ¢) =0 uniformly in A.

Denote by R.(6, A\, g¢) the common part of the regions Q. [0..(g)] formed
for all values s for which |0—0n.(q)| <\/n2, Then for almost all # the region
R..(6, \, g) contains the region T,(6) as a subset, where T,,(0) is defined by the
inequalities

1 2 ' 1
- ¢ii<x¢v 0, _1/}?) + ¢:i(0) \ < Y + v(n),
n n n

(31

nlla

1 2 1 ,
I -2 !,’ii(xa- 0, _1/3> + ¢:;(6) I < — + v(n).
n a n

In fact, from (31) it fg)llows that
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1
Cil0) — — — o) = - Z ¢(x ,i) < ) + — + o),

nll3 1/3 nlls
(32) 1 2
6i0) = =z = o) S - X a7 0. —) ) + 5.
Since
2
- Z ‘//w(xm [} > = — Z ¢'u Xay ana(Q) )
=— Z obij )
and

IA
s |-
=M
s

(

QO
%E 4,,.,.(%, 6, 7%) < (x 0us(0), )
o

Zay 0, )

for almost all # and for all s for which n1/2| 0-—-0,..(q)| =\, we obtain from (32)

A
3 |-
=M
he

1 1
60) = = = ) 5 = 3 b0 000 1) 5 6@ + i ol
(33) nt/ n

1 1
@) = o = ) 5~ E (3 00 =) S @) + =+ v,
for almost all #» and for all s for which n’/2|0 On.(q)l =<\. Since |c,,[0,,.(q)]

-c,,(())! 7(n) for almost all # and for all s for which n’”!@ 0. (q)] =)\, we
obtain from (33)

1 1 1
ilhn@] = = = 2(0) = 5(0) 5 — 3 (7000, =)
n a n

nl/3

I\

1
ciil0ne(g) ] + T + v(n) + 5(n),
(34)

IA

Ciil0ne(q)] — — — v(n) — 5(n)

1 1 1
nlld =" Z ‘pii(xa, ons(Q)r "'E;)

IIA

Gn[ona(Q)] + — 4+ v(n) + v(n)

1I3

for almost all # and for all s for which n1/2!0—0,,.(q)| <\. The inequalities
(34) are equivalent to the inequalities (22) if in (22) 0..(g) is substituted for 6.
Hence our statement about the region R,(6, A, g) is proved.
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Consider the region U,() defined by the inequalities

1 2 2 1
- Z ¢ii<xa, 0, -) - E0¢ii<xv 0, _) TN
n s nll3 nll3 nt/3
(3%
1 Z 2 2 1
; - ‘xbii Xay 0,;1‘/_3 - E0¢ii X, 01 ﬁ) ;1_/; .
Since
2
V(”) g E0¢s'i(xv 0: _—) + Cii(o) ’
n1/3
and
2
v(n) Z | cij(0) + Eobi; (x 9, T) ,
nl/3

the validity of (35) implies the validity of (31). Hence Ua.(6) is a subset of
T.(8). From condition (b) of Assumption III and Tshebysheff’s inequality it
follows that limpyws P [UA(6) | 0] =1 uniformly in 6. Hence lim—,, P [7.(0) l 0]=1
uniformly in 6. Thus, as can easily be seen,

(36) lim P[R.(6, My q) | 0] =1

for any bounded sequence {)\,.} uniformly in 6 and gq.

Let Ja.(Wa, @) be the intersection of the regions W, and I..(¢). Further-
more let Ja(Wa, 0, \, ) be equal to D ¢Jn(Wa, q) where the summation is
to be taken over all values of s for which #1/2| § — 6,..(q) | <\. Then the common
part of 3=, 1,(q) and Wa(6, \—1/q) is a subset of J.(Wa, 0, X, @), and the
last is a subset of the common part of 3_w1I,(g) and W.(8, N+1/q). Hence,
since P[2_o, m(q)|0]=1, we have

| P[Wa6,2) | 6] = PIF(Wa, 6, 9) ] 6]]
(37) < P[W.(0,\ + 1/g)| 0] — P[Wa(6, X — 1/9) | 6]
<P\—1/g=ni2| 6, — 0] =N+ 1/q|0].

From (37) and (29) it follows that for any sequence {gn} for which lim g, = e,
we have

(38) lim | P[W.0,N)| 0] = PITu(Wa, 0,7, ¢)| 6] =0

uniformly in 6, W, and A.

Since the common part of the regions J.(Wa, 0, \, ¢) and R.(6, \, q) is
contained as a subset in J.(Wa, 6, \, ¢) and since the last is a subset of
Ja(Wa, 0,7, @), we obtain from (38) and (36) that for any bounded sequence
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{\+} and for any sequence {gn} for which lim,—., g»= » we have

(39) lim {P[Wa(6, \a) | 8] — P[Ta(Wa, 0, N, ga) [ 6]} =0
uniformly in 8 and W,.

Since the common part of the regions J*(W,, 6, X\, ¢) and R.(6, N, q) isa
subset of 7,*(W., 6, \, g) and the last is a subset of J.*(W,, 6, \, ¢) we obtain
from (36) that for any bounded sequence {)\n} and for any sequence {q,,}
for which limyw, ¢»= «, we have

(40)  lim {P[Tr(Wa, 6, M, ) | 0] — P[T(W,, 6,2, ga) | 6]} =0
uniformly in @ and W..

Now we shall evaluate the limit values of P[J.(Wa, 6, )\, ¢)|6] and
P[TX(W., 0, \, q)|0]. Denote by 4.(\, ¢) the domain in the space of the
variables 0, W,, 0’ and E, defined as follows: § and W, can take arbitrary
values, 0’ is restricted to values for which |6’ —0| <\/n'%; and for any 6 and
W, E. is restricted to points which lie in the sum of the sets J.(Wa, 8, \, q)
and 7¥(W., 0, \, ¢). Denote furthermore by p.(6’, 0, 6,) the function

’ 1 ” U j j
(41) mem=—EZZM0—JW—mMﬂ
F N ]
Consider the Taylor expansion

Z log f(%a, 0')

(42) n i 1
= 3 1og f(ze 0) + — T T 0" ~ 630" — b) —

02 log f(xa, 0
=
where 7 lies in the interval [0’, 4.].

Since in the domain 4,(\, ¢) any point E, lies in the sum of the sets
Ja(Wa, 0,1, g) and TX(W,, 0, \, @), it follows from the definitions of these sets
that E, lies in the set D _,0n[0n:(g)] where the summation is to be taken over

all values of s for which n¥2|9 —0,..(q)| <\ (the set Q.(0) is defined in (22)).
Hence for any E, in the domain 4.()\, ¢) we have

1

=
nll3

1 1
- Z ¢t'1' (xav ont(Q)v ;;1',_;) + Cii[om(Q)]

a

+ »(n) + 5(n),
)y 1 1
,"" E Vii (xav om(Q)» —l—ll) + Cs‘i[GM(Q)] , =—+ "(”) + i7(”’)
N a n

nl/3

for that value of s for which E, lies in I,,(¢). In all that follows, with any
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pomt of the domain 4,(\, ¢) we shall associate the integer s for which E, lies
in I,.(g). Since n”"’lo 0,..(q)| =\ in the domain 4,(\, g), we have in the
domain 4,.(\, @)

1 1 1
PRl e A G
1
= — Z bij [xm 0s(9), '1_/3]’
1 1 1 1
’;‘ za: ‘//:'j [xap onc(Q)» ﬁ] = ';‘ ; bij (xa, 2 1/3)
1
= ’_”‘ za: ¢u [xau om(Q), ;,;/_3]

(44)

for almost all values of #. From the definition of #(#) and from the validity
of the inequality #/2|0—6.(q)| =\ in A.(\, ¢) we find that in the domain
4.\, @)

(45) | ¢iilbas(g) ] — c:i(6) | < %(n)

for almost all values of #. From (43), (44) and (45) it follows that in the
domain 4.\, q)

=5 (e ) + )| S =+ v00) + 2500,
(16)

1
l—— 2 i (x ' m) + c:1(6) I — o) + 25(n)
for almost all values of z.
Since n1/2|0—0m(q)| <\ in A.(\, ¢), we have
47 w29 —6,| SN+ 1/g in A.(\ 9
and therefore
(48) w20 — 6. S 20+ 1/g in A.(\ 9).
Since 7 lies in the interval [6’, é,], from (48) we obtain
(49) w28 — 6. S 20+ 1/g in A\ ).
From (47) and (49) it follows that in 4.(\, @)

1 8% log f(xa) 8) _ 1
(50) ;'/’ii(xa» 0:m> =)y ———————= Z¢n<xa7 o ”3>

« 00967
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for almost all #. Because of (23), (46) and (50) we obtain from (41) and (42)

b-o,

(51) lim {l.u.b. D108 f(%a, 6") — D log f(%ay 6) — pa(6', 6, 6,)

n=w LAx(0)

and

lim {l.u.b. [Z log f(%a, 6) — 2 10g f(%a, o’)]
= An(\9) a a
(52)
- [Pn(ov 9, 01:) - Pn(o,y 0, 0,,)]

b-o

_ Denote P[Jm(Wm Q)lem(Q)] by Pm(Wm Q) and P[jr:;(Wm Q)lom(Q)] by
P (W., q). Substituting 0,,(q) for 8’ we easily obtain from (52)

lim {l.u.b. P[J.(W.,6,\, 9 |6]

n=o0 8, Wy

(53)
- Z Pm(Wm Q) exp (Pn [0, 0, a::(Q)] — Pn [ans(Q)v 0, B:n(Q) ])

b=o

where the summation with respect to s is to be taken over all values for which
n1/2|0—-0n.(q)l =X\ and 6}(q) is a parameter point for which

(54) n112| 0,,(q) — m(q) | = 1/4.

Since ¢;;(0) is a uniformly continuous and bounded function of 8, it follows
from (41) and (54) that

| 06, 0, 62(9)) — 16, 6, 0aa(@ ]| = 6116, 0 (9), 6a(9) /g,
55 * *
B3 | p0ua@), 0, 85@)] = p[00n(), 6, 00 (@)]| = ba[6, 6@), @) /a

where ¢,[0, 6%(q), 0..(¢)] and [0, 6%(q), 0..(¢)] are bounded functions of
6, 0%(q) and 0,,(g) in the domain n‘”l 0—0n.(q)| =\. From (53) and (595) it fol-
lows that

PJ.(Wa 6, )| 6]

lim sup {l.u.b.
o, W,

(56)
- E Pns(Wm Q) exp (Pn [9, 0, 0»0(9)] - Pn [ens(Q)y 0, onc(Q)]) l} = 5()‘1 Q)

where

(57) lim (A, ¢) = 0
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uniformly in N over any {inite positive interval. Similarly we obtain

lim sup {I.u.b P[T.(W,,0,\ q)|6]

n=co 6, Wn

(58)
- Z T’:U(Wm Q) €xXp (Pn [ﬂ, 8, 01;:(Q)] — Pn [0nc(q): 0, 0m(9) ]) l} = "7()‘) Q)

where

(59 lim (A, ¢) = 0
g=w

uniformly in X over any finite positive interval. In the formulas (56) and (58)
the summation with respect to s is to be taken for all values for which
|6 —8,.(g)| SN\/n'2 The expression pn[0.:(g), 6, 0.:(g)] is obviously equal to
zero, hence (56) and (58) can be simplified by substituting zero for this ex-
pression. Denote P[JX(W., ) | 0.:(q) ] by PX(W., q). Because of Proposition I
we have

lim {SB[]:,(W,,, ) | onc(Q)] - P:c(Wm Q)} =0

n=o

uniformly in s and W,. Hence we obtain from condition (b) of (24)

(60) li:l: {Pn:(Wm q) - P::(Wn‘y Q)} =0

uniformly in s and W,. Since JX(W., q) is the intersection of Q.[6..(g)] with
Ju(Wa, g) and since

lim P[Qx[0ns(g) ]| 6na(g)] = 1

n= 0

uniformly in s, we have

(61) lim {Pr(Wa, ) — Pr(Wa, @)} = 0

uniformly in s and W.,. Since for any given A and ¢ the number of different
values of s satisfying the inequality n'/2| 0—0,,.(q)l <\ is a bounded function
of 8, from (56), (58), (60) and (61) we obtain

lim sup {Lub. | P[Ja(Wa, 6,7, @) | 8] — P[Tn(Wa, 6,N, ¢)| 61|}
A

6
=i\ g S en, ) +0a(N ).

Hence

(63) lim {(\, q) = 0

g=o
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uniformly in X over any finite positive interval.

For any positive N’ the sets J.(Wa., 6, NN, @) —=J.(W., 0, N\, @),
TX( W, 6, \+N', @) =T X W, 6, \, @), J*(W,, 0, N\+N, @) —T*(W., 0, \, q),
WX W, 0, \+N, @) — WX W,, 0, \, ¢) and W,(0, N\+N')—W.(8, \) aré sub-
sets of the set defined by the inequality

A—1/g <m0 — 6| SN+ N+ 1/
Since for any sequence {\,} for which limu—, An= » we have

lim P\, — 1/¢ S 2|0 — 6,| S\ + N+ 1/¢] 0] =0
uniformly in 6, ¢ and \’, (39) and (40) hold for any arbitrary sequence {\.}
and (63) holds uniformly in N where N\ can take any positive value. Thus
from (30), (39), (40), (62) and (63) we obtain

(64) lim sup {Lu.b. | P[W.6,N) | 6] — P[Wi(W., 0,7, )] 06]] } = &0 9)s
0,Wn '

where
(65) lim es(\, ¢) = 0
gm=
uniformly in \. Let {¢;} (6=1, 2, - - -, ad inf.) be a sequence of positive

integers such that lim;., ¢;= 4+ . Furthermore let {n:} be a sequence of
positive numbers such that lim;_,, 7;=0. We define W,*(W,) as follows:
(66)  Wa(W.) = Wa(Wa, girt) for mi<mnSmaya (G=0,1,---,adinf).

The sequence { n.-} (i=0, 1, 2, - - -, ad inf.) of integers is chosen as follows:
Denote by F.(), ¢) the expression

Lub. | P[W.6, )| 6] — P[Wa(W., 0,7, q)]0]].

The integer n, is put equal to 0 and #; is chosen such that
ng > iy,
Fa(\iy givn) < es(Niy gigr) + s

for all n>n;, and where {)\;} denotes a sequence of numbers such that
lim,-_,o )\.'= + ®,

Let N =\, 74 =7i,and g =qipafor ni<n Zmiyy 6=0,1,2, - - - ,adinf.).
Then from (64), (65) and (67) we obtain

(67)

(68) lim {Lub. | P[W.(0,M)] 6] - P[Wa(Wa, 8, N, ¢d)| 61|} = 0.

n=c e,
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‘Denote by W.*(W., 8, \) the intersection of W, *(W,) and the set defined by
the inequality #1/2|0—8.| <\. Since W*(W., 6, \, ¢) is the intersection of
W.¥(W., ¢) and the region #1/2|6—6,| <), it follows from (66) that

(69) We(Wa, 0, M, ¢d) = Wa(Wa, 0, \).

Equation (20) follows from (68) and (69). Hence Lemma 1 is proved.

We shall say that a region V.* lies in the space of the maximum likelihood
estimates if it has the following property: If E, is an element of V,* then
also all those points E,! for which 0,(E.)=0.(E.) are elements of V,*. In
all the following considerations the symbol * as a superscript in the notation
of a region will indicate that the region lies in the space of the maximum
likelihood estimates, except if a statement to the contrary is explicitly made.
For any region V,* we shall denote by B(V.*|6) the probability that the
sample point will fall in V.* calculated under the assumption that
nV2(g—0), - - -, nV2(0f—6* have a joint normal distribution with zero
means and covariance matrix ||:;(6)|| =||¢:;(8)||

LEMMA 2. There exists a function W,*(R.*) defined over all Borel measur-
able subsets R such that

lim {P[R%|0] — B[Wa(Rn 6]} =0

= e

uniformly in 0 and R,*.

Proof. Since we assumed that the set J5(W,, ¢) defined in (24) is an in-
terval in the space of the maximum likelihood estimates, it follows from
Proposition I that
(70) lim {P[Tr(Wa, q)| 0] — B/m(W., @) | 6]} =0

uniformly in 8, W,, and s. Let W.*(W., ¢) be the set defined in (25) and let
W.X(W., 0, \, g) be the intersection of W*(Wy,, ¢) and the region n!/ 2[ 0—0,.]
<\. For given values of A and ¢ the number of different values of s, for which
JX(W., @) has at least a point common with the region n/2|0—0,| SN, is
a bounded function of 6. Hence it follows from (70) that

(1) lim {(P[Wi(W., 0,7\, q)| 0] — BIWa(Wa, 8,7, )| 6]} =0

uniformly in 6 and W,. From (64), (65) and (71) we obtain

(72) lim sup {Lub. | P[Wa6, M) | 8] = BIWa(Wa, 0,7, )| 6]]} = €(r, 9)

where
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(73) lim (A, ) = 0

g=w

uniformly in A. The set W,(6, \) denotes the intersection of W, and the re-
gion n1/? 0-—-0,.[ =\

Let qg} (=1, 2, - - -, ad inf.) be a sequence of positive integers such
that lim—., ¢;= . Furthermore let {7:} be a sequence of positive numbers
such that lim;., 7;=0. We define W *(W,) as follows

(74) Wa(W.) = Wa(Wa, qir1) for mi<n < myy (i=0,1,2,--,adinf).

The sequence {n,} (¢=0,1, 2, - - -, ad inf.) of integers is chosen as follows:
Denote by F,()\, ¢) the expression

Lub. | P[W.(6, M) | 6] — B[Wa(W., 6, 9)|0]].

The integer 7, is put equal to zero and #; is chosen so that
n; > ni,
Fn()\iy qi+l) < e(>‘iy qf+1) + n¢

for all #>n;, and {\;} denotes a sequence of numbers such that lim A\;= .
LetN,) =N\, 74 =miand ¢ =qipafor n;<n=<n;1 (4=0,1, - - - ,ad inf.). From
(72), (73) and (75) we obtain

(76)  lim {1.uv.yb. | P[W.(6,\)| 6] — B[WaW., 6,M, ¢/)|60]]} =o0.
0! n

n=o

(75)

Denote by W.X*(W., 6, \) the intersection of W,*(W,) and the region
nt 2| 0—0,.[ =<\. Because of (74) we obviously have
W:(Wm g, )‘n,) = W:(Wm 6, Ay ’ Qn,)

Hence from (76) we ob*ain

(77)  lim {Lub. | P[Wa6, M) | 0] — BLWi(W., 0,1 | 0]]} = 0.

n=c 9,W,

Since limg., A\r = =, it follows from (77) that
(78) lim {l.u.b. | P[w.| 6] — B[wa(W.)|06]]} = o.

The region W, may be any Borel measurable subset of the rz-dimensional
sample space. In particular, W, may be any Borel measurable subset R,;* in
the space of the maximum likelihood estimates. Hence Lemma 2 follows from
(78).

On the basis of Lemmas 1 and 2 we can restrict ourselves in case of large
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samples to subsets of the space of the maximum likelihood estimates and we
can substitute B[V.*|6] for P[V.*|68]. Hence, if the sample is sufficiently
large, the problem of statistical inference concerning the unknown parameter
6 can be reduced to the case where the variates involved have a joint normal
distribution.

5. Tests of simple hypotheses which have uniformly best average power
over a family of surfaces. For any value ¢ let K, denote a surface in the
parameter space. For instance K, may be defined by the equation ¢(8) =c¢
where ¢(6) denotes some analytic function of 8. Consider furthermore a non-
negative function w(f) of 0, called a weight function. For any function y(6)
of § the symbol [x¥(0)dA will denote the surface integral of the function
¥(0) over the surface K,.

DEeFINITION I. A critical region W, is said to have uniformly best aver-
age power with respect to the surfaces K. and the weight function w(0) if
for any region Z, of size equal to that of W. we have [ KcP(W,.IO)w(O)dA
= [x.P(Z.|0)w(®)dA for all values ¢ for which K, is defined.

Let 9!, - - -, y* be & variates which have a joint normal distribution. The
mean values 6!, - - -, 6% of the variates !, - - -, y* are unknown, but the
covariance matrix ”a.-j” (¢, =1, - - -, k) is known and is nonsingular. Sup-
pose that we wish to test the simple hypothesis that 6 =0,. Consider the
family of ellipsoids given by

(79) = X nale' - aills’ - 6] = ¢,

where “)\;, ] =| a;,““‘. For any ¢ denote by S the ellipsoid given by (79). Con-
sider a nonsingular linear transformation of the parameter space

(80) 8" — 65 = (6 — 65) + - - - + Bun(6" — 65)

such that the family of ellipsoids S, is transformed into a family of concentric
spheres with the center at 6. Denote by S/ the image of S.. For any point 6
and for any positive p consider the set w(f, p) consisting of all points 6; which
lie on the same S; as 0 and for which |8;—8| <p. Let

L Al (6, p)]
(81) (0 = lim e ]

where w’(8, p) is the image of w(f, p) and for any set w, 4(w) denotes the
area of w.

ProrosiTiON 11. If the variates y*, - - -, y* have a joint normal distribu-
tion with unknown mean values 0%, - - -, 0% and a known covariance matrix
||a.~,~|], then for testing the hypothesis 6 =0y on the basis of a single observation
on each of the variates y', - - -, y*, the critical region given by the inequality
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(82) SN =0 — 00 = d Al = llossl
i

has uniformly best average power with respect to the surfaces S. defined in (79)
and the weight function given in (81).

Proof. Consider the linear transformation

7" 3 1 1 k k.
(83) y — 0o =Buly —0)+ -+ Buly — 60),
where the matrix I 6{j| is the same as in (80). The variates ¥’ (=1, - - -, k)
are normally and independently distributed with mean values 6}, - - -, 6g

(under the hypothesis #=60,) and have a common variance o2 We will as-
sume ¢2=1, since this can always be achieved by multiplying the matrix
“/3:':“ by a proportionality factor. The critical region W given in (82) will be
transformed into the region W’ given by

(84) G =)+ (-0 2 d.

Because of (81) we obviously have

(85) f P(Z|6)£(6)dA = f P(Z'| 644,

8. 82
where Z denotes an arbitrary region in the space of y!, - - -, y* and Z’ is
the image of Z in the space of y’1, - - -, y’*. Hence in order to prove Proposi-

tion II we have merely to show that
(86) f P(W'|¢)d4 = f PZ'| 6)d4
s 8

for any region Z’ in the space of ', - - -, ¥'* which has a size equal to that
of W'.

By a lemma of Neyman and Pearson(*) we see easily that (86) is proved,
if we can show that there exists a function d(c) of ¢ such that

(87 fs p(y']6)dA/p(y' | 00) Z d(c) within W’

and

(88) f p(y'| 6)dA/p(y'| 60) = d(c) outside W’
Se

for all positive values of ¢, where p(y’|6’) denotes the joint density function
of 9’1, - - -, y’% under the assumption that the true means are §’%, - - -, '%.

(4 J. Neyman and E. S. Pearson, Contributions to the theory of testing statistical hypotheses,
Statistical Research Memoirs vol. 1 (1936).
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If we denote y’i—6 by v and 8’ —6} by 6*¢, we have

p(y'| ) = L exp (— 2713 (vf — 6*9)?)

and

(v | 80) = exp (— 271 (v9)?).

1
(2m)*/2
Hence

1 H i % 1) 2
j;; Py | 0)dd = (;) fs; exp (— 213" (vim*)2)dA
- (%)kmexl’ (=272 )9
. j;’ exp (Z pig*i — 2—12 (6*92)dA

= p(y'| 6o) exp (— 2—12 (6*%)2) j; exp (Z vi6*9)dA,

since _(6*i)? is constant on the surface S/. Hence (87) and (88) can be writ-
ten

(89) I, ... ,9%) = f exp 9, vi6*idA = d*(c) within W,
S;
(90) I(, - .-, 9% < d*(c) outside W’.

Denote I(Z(v”)2)1/2l by 7, and I(Z((i*i)Z)l”l by 7*. On the surface S/ we
have r*=¢. Denote by a(6*) the angle (0 Sa =7) between the vector v and
the vector 6*. Then we have

Ft, - oo, 0%) = f exp (cr, cos [a(6%)])dA.
Because of the symmetry of the sphere, the value of this integral will not be
changed if we substitute 8(6*) for a(f*) where B(*) denotes the angle
(0 £B(6*) = 7) between the vector 6* and an arbitrarily chosen fixed vector .
Hence I(2}, - - -, v*) depends only on 7,, that is I(v}, - - -, v*)=I(r,). The
inequalities (89) and (90) are obviously proved if we can show that I(r,)
is a monotonically increasing function of 7,. We have

91) dI(r.) = L’ ¢ cos [B(6%)] exp (cr, cos [B(6*)])dA.

dr,

Denote by w; the subset of S in which 0 =8(6*) £7/2, and by w. the subset
in which 7/2 £8(6*) <. Because of the symmetry of the sphere we obvi-
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ously have

f ¢ cos [B(6*)] exp (cr, cos [B(6*)])d4

92) - f ¢ cos [ — ()] exp (cry cos [x — B(E*) ])dd
wy
= —f ¢ cos [B(6*)] exp (— cr, cos [B(6*)])dA.
Hence 1
dI(rv)
(93) y = cf cos [8(6%)] {exp (cro cos [B(6%)]) —exp (—cr, cos [B(6%)]) }dA
7y wy

The right-hand side of (93) is positive. Hence Proposition II is proved.

Now let us turn back to the general problem of r variates «!, - - -, %7
whose joint probability density function f(x!, - - -, x7, 01, - - -, 0%) =f(«, 0)

involves £ unknown parameters, as considered in the previous sections.

DEFINITION I1. 4 sequence {W.} (n=1, - - -, ad inf.) of critical regions
of size a for testing the simple hypothesis 0 =0, is said to have asymptotically
best average power with respect to the family of surfaces K, and the weight func-
tion w(0) if for any sequence {Z,.} for which P(Z,.I 0o) = we have

lim sup {1.11.1). [ ch Pz, | 6) Azzgj) a4 — f P(W.|6)— (g{)c) A]} <o,

where

A(K,) = fK w(8)dA.

We shall prove the following theorem.

THEOREM I. Let W.* be a critical region for testing 0 =0, defined by the in-
equality

n 2 3 (O — 00)(6 — 60)cii(0) = du,
i L)
where the real number d., is chosen so that P( W,,*| 0o) =a. Denote by S. the sur-
face in the parameter space defined by the equation
T X6 = 0 — e (00) = .

Furthermore let £(0) be the weight function as defined in (81) where “Cij(eo)” s
substituted for ||)\,~,~]|. Then the test {W,.*} has asympiotically best average power
with respect to the family of surfaces S, and the weight function £(0).
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Proof. Because of Lemma 1 we can restrict ourselves to subsets of the
space of the maximum likelihood estimates. Let us assume that Theorem I
is not true. Then it follows from Lemma 2 that a sequence of values {c.}
and a sequence of regions {Z,.*} exist such that P(Z,,*| 0o) = and

(94) lim sup{ f PBZn| 6)tal6)dd — f B |0)§'n(0)dA} =35>0,

£4(6) = £6) / ) 504,

From (94) it follows that there exists a subsequence {7’} of the sequence {7}
such that

where

©5) lim { [ welogema - | %(Wtfle);n,(e)dA} —5>0.

It is easy to verify that
lim B(W | 6a) = 1
n=oc

if 0, is a point of S.,, and if limu=, 7’c,r =+ . Under the latter condition
also

lim | B | 0w (0)dd =

n=w J S,

Thus (95) can hold only if the sequence {#’c.} is bounded. If {n'car} is
bounded, we obviously have for any sequence of regions { V,*}

iim { f By or@at - [ 70N or @} =0

where P( V,.*l 6) denotes the probability of V,* calculated under the assump-
tion that n'/2(g,—0"), - - - , n¥/2(6%¥—0*) have a joint normal distribution with
zero means and covariance matrix equal to [|c:;(00)||~". Hence from (95) we
obtain

©6)  lim { f P& 05w (6)dd — f PV | )¢ (o)dA} —5>0.
Denote by W.* the region defined by the inequality

13 3 (b — 605 — 62)ci(00) = day

where: d, is chosen so that P(W*[Go)—a Furthermore denote by Z.* the
sum of Z,* and the region n”2|00—0 I =\., where \, is chosen so that
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P(Z.*|00) =a. Since, as can easily be seen,

lim { fs PO | 0)5a(6)d4 — fs P | o)g‘n:Qo)dA} —0

=0

and

n=o0

%* %*
lim { f P(Zo | 0)5n(0)dA — f Pz | o)r,.,(owA} =0,
Scnl sc,‘:

we obtain from (96) a contradiction to Proposition II. Hence Theorem I is
proved.

6. Tests of simple hypotheses which have best constant power on a family
of surfaces.

DEeFINITION 1I1. A critical region W, for testing 0 =0, is said to have uni-
formly best constant power on the family of surfaces {Kc} if the following two
conditions are fulfilled :

(a) P( W,,| 6.) =P( W,.I 62) for any pair of points 61, 02 which lie on the same

surface K..

(b) P(W.|0)=P(Z./0) for any Z. which satisfies condition (a) and for

which P(Z.|00)=P(Wa|0o).

From Proposition 11 we obtain the following:

ProrositioN III. Let y!, - - -, y* be k variates which have a joint normal
distribution with unknown mean values 01, - - -, 0% and a known covariance
matrix ||oij|| =|[Niil| 2. Then for testing 0 =0, the region defined in (82) has uni-
formly best constant power on the surfaces S. defined by the equation

o7 ST -0 — o = c.

Since the critical region defined in (82) satisfies condition (a) of Defini-
tion III, Proposition III is an immediate consequence of Proposition II.

DEFINITION IV. A sequence of critical regions {W,} for testing 0 =0, is
said to be of size a and to have asymptotically best constant power on the surfaces
K. if the following three conditions are fulfilled:

(@) P(Wa|0)=a (n=1,2, - - -, ad inf.).

(b) limpmy {Lu.b.c [Lub.sgcx, P(Wa|60) —g.lb.osck, P(Wa|0)]} =0, where
the symbol 1.u.b.ecx, means that the least upper bound is to be taken with respect
to O restricting 0 to points of K..

(c) For any sequence {Z,} which satisfies (a) and (b) we have
lim {Lub. [P(Z,|6) — P(W.|6)]} = 0.

2

n=o

It is easy to verify that the sequence { W.*} defined in Theorem I satis-
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fies the conditions (a) and (b) for K.=S,, where S, denotes the surface de-
fined in Theorem I. Thus from Theorem I we obtain the following theorem.

TuaeoreM II. Let {Wn*} and S. be defined as in Theorem 1. For testing
0=0,, the sequence {W,.*} has asymptotically best constant power on the sur-
faces S..

7. Most stringent tests of simple hypotheses. Let 6 and 6, be two parame-
ter points and let « denote a positive number less than 1. We denote by
P,(0, 6o, o) the least upper bound of P(W,.] 0) with respect to W,, where W,
is restricted to regions for which P(W,,]Bo)=a. It is clear that if W, is a
critical region of size « for testing 6 =0,, its power function can nowhere ex-
ceed the value of P,(6, 6o, ), that is P(W,.I 0) S P.(6, o, @) for all values of 6.

DEFINITION V. A critical region W, is said to be a most stringent test of the
hypothesis 0 =0, on the level of significance o if P(W, | 0o) = and if

Lu.b. [P.(6, 60, @) — P(W,|60)] < Lub. [P.(0, 66, @) — P(Z.]|6)]
] ]

for all regions Z, for which P(Z,.I 0o) =
We shall prove the following proposition.

ProrosiTiON IV. Let y!, - - -, y* be k variates which have a joint normal
distribution with unknown mean values 6, - - -, 0% and a known covariance
matrix ||oul| =||Niil| 1. Then for testing 0 =0, the region W defined in (82) is a
most stringent test.

Proof. We shall assume that Proposition IV does not hold and we shall
arrive at a contradiction. If Proposition IV is not true, then there exists a
region Z in the space of y!, - - -, y* such that P(Zl 0o) =a and

(98)  Lub. [P(8, 6o, @) — P(W]|6)] > Lu.b. [P(6, 60, &) — P(Z]6)].
0 )
Let S, be the surface defined by the equation
X6 -6 - oon =
PR

The functions Py(6, 0, @) and P(W| ) are constant on the surface S.. Hence,
on account of (98), there exists a value ¢y such that
PZ|8) > P(W|0)

for all points § on S.,. But this is a contradiction to Proposition II. Hence
Proposition IV is proved.

DerINITION VI. 4 sequence of critical regions { W,,} is said lo be an asymp-
totically most stringent test of the hypothesis 0 =0, on the level of significance a
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if P(Wnl 0o) =a and if for any {Z,,} for which P(Z,.I 0o) = we have
lim sup {Lu.b. [Pa(8, 86, @) — P(Wa|6)] — Lub. [Pu(6, 60, @) — P(Z.] 0)]} < 0.
] ]

We shall prove the following theorem.

TueoreM L11. Let W,* be the region defined in Theorem 1. Then the sequence
{W.*} is an asymptotically most stringent test of the hypothesis 0=0,.

Proof. Denote by P.(0, 0o, a) the least upper bound of B(Z.*|6) with re-
spect to Z.*, where Z,* is restricted to regions in the space of the maximum
likelihood estimates for which %(Z,,*|60)=a. Because of Lemma 1 we have
(99) lim [P.(6, 60, @) — Ba(8, 00, @)] = 0
uniformly in 6. Denote by P.(6, 6o, @) the least upper bound of P(Z.*|0) with
respect to Z.*, where Z,* is restricted to regions in the space of the maximum
likelihood estimates for which P(Z.*|6,) =a. The symbol P( V.*|6) denotes
the probability of V.* calculated under the assumption that the joint dis-

tribution of nl/2(fL—61), - - -, n'/2(§—06%) is normal with zero means and
covariance matrix ”c.«j(Oo)”—l. For any positive X we have
(100) lim [P.(6, 60, @) — Pa(8, 60, @)] = 0

7= 00

uniformly in 6 in the domain In‘/ 2(0—00)] <\. Since for any sequence {0,.}
for which lim |n‘/2(0,.—00)| =+ «, we have

hm %”(0,., 00, a) = llm ?,.(0,., 00, a) = 1,

n=o n=w
we obtain from (100)
(101) lim [Ba(8, 60, @) — Pa(b, 60, )] = 0

uniformly in 8. For any c let S. be the surface defined by

k k

> Z (9‘ - 02)(0i - 9;)Cij(9o) = c.

=1 i=1

Obviously P,(8, 6, a) is constant along the surface S.. From (99) and (101)
we obtain

(102) lim {Lub. P.(0, 6o, @) — g.lb. Pu(d, 60, 0)} = 0
n=w 0ES, [ISEN

uniformly in 8. We shall derive a contradiction from the assumption that
Theorem III is not true. If Theorem III is not true, there exists a sequence
{Z.} of regions such that P(Z.|60¢) =a and
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lim sup {Lu.b. [Pa(6, 00, @) — P(Wh|0)]

(103) — Lub. [Pu(6, 00, @) — PZ.|0)]} =58> 0.

On account of (102) and since

lim [Lub. P(Ws|6) — glb. P(Wa|0)] =0
R=w 0CS, eS8,
uniformly in ¢ (see Theorem II), we obtain from (103) that there exists a

sequence {c,} and a subsequence {#n’} of {n} such that for all points 6,
of S,

P(Za | 02) > P(Wae| 02) + 5/2

for all n greater than a certain n,. But this contradicts Theorem I. Hence
Theorem III is proved.

8. Definitions of “best” tests of composite hypotheses. In this section we
shall extend the definitions given in the previous sections to the case of com-
posite hypotheses. Let w be a subset of the parameter space and denote by
H, the hypothesis that the true parameter point is contained in w. In all
that follows the letter 6 printed in boldface will indicate that the parameter
point lies in w. For example, the symbol l.u.b.e f(8) denotes the least upper
bound of the function f(8) with respect to 8 where 0 is restricted to points of w.
For any point 0 and for any real value ¢ let K.(0) denote a surface in the pa-
rameter space. For instance K,(0) may be given by r equations in

¢1(0) 0) = = d’r(ov 0) = 0)
where ¢:1(0, 0), - - -, ¢.(0, 0) are some analytic functions of 6 and 0.

DEerINITION VII. 4 critical region W, for testing H,, is said to have uniformly
best average power with respect to a family of surfaces K.(0) and a weight func-
tion w(0) if for any Z, for which

Lu.b. P(Z,|8) = Lub. P(W.,]6)
0 0
we have

f K.(6) P(W. | )w(0)d4 2 f X6 P(Z.| 0)w(6)dA

for any 6 and for any c for which K.(0) is defined.

DerFINITION VIII. A sequence {W,,} (n=1, 2, - - -, ad inf.) of critical re-
gions for testing the hypothesis H, is said to have asymplotically best average
power with respect to a family of surfaces K.(0) and a weight function w(0) if
the following two conditions are fulfilled:
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(a) There exists a fixed a such that
Lub. P(W,|0) = a (n=1,2,---,adinf)
0

(b) For any sequence {Z.} for which l.u.b.e P(Z.|0)=c, we have
li:is:lp {lu;) [ f Pz, |e) ITS (0)]
w(6)
“f .| XTT0)] dA]} =0

A[K.0)] = fK © w(f)dA.

where

DEFINITION IX. A critical region W, for testing H,, is said to have uniformly
best constant power on the family of surfaces K.(8) if the following two conditions
are fulfilled:

(a) P(W,,| 0") =P(W,.| 0'") for all pairs of points 0’ and 0'' which lie on the
same surface K(90). ‘

(b) P(W,.| 0) gP(Z,.I 0) for any 60 not in w and for any Z, which satisfies
(a) and the condition

Lub. P(Z,|6) = Lub. P(W,|0).
] 0

DEeFINITION X. A sequence of critical regions {W,,} for testing H, is said
to have asymptotically best constant power on the surfaces K.(0) if the following
three conditions are fulfilled:

(a) Lu.b.e P(W.|0)=a (n=1,2, - - -, ad inf.).

() limae {Lubeed [Luboc @ P(W,.Io) —g.lbacx@ P(Wa|6)]} =0

(c) For any sequence {Z } which satisfies (a) and (b) we have

lim {lub [Pz.|6) — P(W.| 6]} =0,

n=ocw
where @ is the complement of w.

DEFINITION XI1. Denote by P.(0, w, c) the least upper bound of P(Z.|0)
with respect to Z,, subject to the condition l.u.b.e P(Z,.| 0) =a. A critical region W,
is said to be a most stringent test of the hypothesis H,, if for some positive o

Lub. P(W,|0) = a
0
and
Lub. [P.(6, w, &) — P(W,]|6)] < Lub. [P.(6, w, &) — P(Z.| 6)]

for all regions’Z, for which l.u.b.e P(Z.|8)=c.
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DEFINITION XI1. A sequence of critical regions { W} is said to be an asymp-
totically most stringent test of the hypothesis H, if the following two conditions
are fulfilled :

(a) There exists a positive o such that

Lub. P(W.|8) =«  (w=1,2,---,adinf).
0

(b) For any sequence {Z,} which satisfies (a) for the same o we have
lim sup {Lu.b. [Pa(8, 0, @) — P(W,] )] — Lub. [Pa(8,w,a) — P(Z,|6)]} 0.
] ]

In Definitions VII-XII we have formulated the condition
Lub. P(W,|0) = a.
0

The question can be raised whether, in place of this condition, the require-
ment that

* P(W,|0) = «
for all points 8 should be made; or whether the weaker condition that
(** lim P(W,|0) = «

uniformly in 0 should be required. Condition (*) has the serious drawback
that regions satisfying it do not always exist. Even in cases where (*) can
be fulfilled, it imposes too strong a restriction on the possible choice of W,
which does not seem to be quite justified. It is conceivable that in some cases
a region W, may exist which does not satisfy (*) but has such an advanta-
geous power function that we prefer it to any region W, which satisfies(*).

As to the condition (**), we shall see that it is satisfied for the sequence
{W,.} which is shown in this paper to be asymptotically best according to all
three definitions VIII, X and XII. Hence the same sequence {W,.} remains
asymptotically best if we replace the condition l.u.b.e P(W,|8) =a by (**) in
the definitions VIII, X and XII.

In the following §§9-11 we shall discuss a linear hypothesis of the follow-
ing type: 6'=6p, - - -, 6"=0; (r<k), where 6, - - -, 05 are some specified
values. That is to say, the set w is the set of all points 6 for which the above
equations hold. In §12 the general composite hypothesis will be discussed.

9. Tests of linear composite hypotheses which have uniformly best
average power over a family of surfaces. Let H, be the hypothesis that
0'=0:, - - -, 07=06; (r<k). We shall introduce the following notation: For
any parameter point 6=(6!, - - -, 6%) the symbol 16 will denote the vector
in the r-dimensional space with the components 6!, - - -, 87, and 0 will de-
note the vector in the k—r dimensional space with the components
67+, - . -, 6%. For any function y(6) of 6 we shall use the synonymous nota-
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tion ¥(;0, 20). For instance P(W| 16, ) is synonymous with P(W|6).

Let ¥, - - -, y* be k variates which have a joint normal distribution
with unknown mean values 6% - - -, §* and known covariance matrix
Ia,-,~”=”)\.~,||“1 @4, j=1, - - -, k), which is nonsingular. Denote by W the
region in the space of ¥, - - -+, ¥* given by the inequality

(104) 2 X Kay” — 00y — 60) 2 d,
g=1 p=1
where ||A || =||0pd|™* (&, ¢=1, - - -, 7). Consider the nonsingular linear
transformation of the variates y!, - - -, y* given by the equations
1 1 r 7
(105) ¥ =0 =By —6) By —0) (p=1,---,7),
Y= vay'+ - - + vay® G=r+1,---,4k),
such that y’%, - - -, 9’* are independently distributed with unit variances.

Denote by S.(0) the surface given by the equations
D 3 8,07 — 006 — 0 = ¢,

06 5 Enn - - o
7t101+"‘+71k0k=27h'6‘ (t=7'+1,"',k)-

i=1

Consider the transformation of the parameter space given by

8" — 0y = (8 — 00) + - - + Buw(6 — 60) p=1,---,7),
0”=7t101+"'+7tk0k (t=7+11"'1k)’

where the coefficients 8,, and v;; are the same as in (105). The transforma-
tion (107) transforms the surface S.(0) into a sphere S/ (0) given by

(107)

r k
(108) O =6 =¢c,  0t=3 v =0t
1

p= i=1

For any point 6 and for any positive p consider the set w(f, p) consisting of
all points *@ which lie on the same S¢(8) as 6, and for which |*§ —0| <p. Let
Al (6,
(109) £(6) = lim Alw@ 9]
=0 Alw(8, p)]

where w’(f, p) is the image of w(f, p) (by transformation (107)) and, for any
set w, .A(w) denotes the (r—1)-dimensional area of w. We shall prove the
following proposition.

ProproSITION V. Let ¥, - - -, y* be k variates which have a joint normal
distribution with unknown mean values 01, - - -, 0% and known covariance ma-
trix ||oul| =||Niil| 2. For testing the hypothesis 10 =10, on the basis of a single
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observation on each of the variates y!, - - -, y*, the critical region W given in
(104) has uniformly best average power with respect to the family of surfaces
S:(0) defined in (106) and the weight function £(6) given in (109).

Proof. Because of (109) we have

(110) fs o Pl e = fs;«» P& | 0)dd,

where Z denotes an arbitrary region in the space of 4!, - - -, y* and Z’ is
the image of Z by transformation (105). The region W is transformed into
W' given by

1 1.2 r r 2
(111) " =0) + -+ =) zd
In order to prove Proposition V we have merely to show that

(112) f POV | 0)dd = f P(Z'| 0)dA
RAC)) 5:(0)

c

for any ¢ >0, for any 0, and for any region Z’ in the space of y'%, - - -, y’*
for which Lu.b.,pr P(Z’| 186, 88’) =l.u.b. s P(W’|100, #0’). For any point 6’ of
S/ (0) we have 20’ =2:0’. By a lemma of Neyman and Pearson, (112) is proved
if we can show that there exists a function d(c) such that

Jsi@p(y', - - -, y'¥| 10’,20’)dA} = d(c) within W,
POy -y ¥ 100, 0 S = d(c) outside W’
for all values of ¢ and 8 where p(3’%, - - -, ¥'%|8’) denotes the joint probability
J

density of y'%, - - -, ¥’* under the assumption that 0’ is the true parameter
point. Obviously

(YL -, YR, 0) G y'7| 10
PO Y80, 8) Py, o] 460) .
Hence (113) is equivalent to
Jsi@p(y's, - -+, ¥'r| 80)dAY = d(c) within W,
('Y -+, ¥ 160) } =< d(c¢) outside W'.

The proof of (114) is omitted, since it is the same as that of the inequalities
(87) and (88). Hence Proposition V is proved.
Let the critical region W,* be defined by the following inequality

(113)

(114)

(115) 23 6 — )0 — 00600 2 dy

g=1 p=1

where [|¢,q(0)]| =lose®]~* &, g=1, - - -, ) and [loi;(0) || =|lc;®) |7 G,
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=1, . -+, k). The constant d, is chosen so that

Lu.b. P(W*|6) = a.
0

Let Zi(0) =n'2(65—0%) (=1, +--, k) and consider the nonsingular linear
transformation

— 1 r

Zi0) = Bn(®)Za(0) + - - - + Bor(O)Z0(0) (p=1--,7,
(116) e

Z.(6) = vaOZ®) + - - + 74020  E=r+ 1, B,
such that Z4(6), - - -, Z%(#) would be independently distributed with unit
variances if the covariance matrix of ZL(0), - - -, Z¥(0) were given by

”a,-j(é))”. Denote by S.(0) the surface defined by the equations

(117) EE (6" — 60)(0° — 60)¢pe(8) = c,

va©0)6' + - - - + yr(0)0F = D vu(0)0F (t=7r+1,---, k).

For any positive & denote by S; the set of all points 8 for which
[0”—03] =6 (p=1,::-, r). We shall prove the existence of a positive &
such that for any point @ in S; there exists exactly one surface S;(0), that is
exactly one value of ¢ and exactly one point 8, such that 8 lies on the surface
S:(0). This statement is obviously proved if we show that for any point 4 in
S the set of £ —r equations

(118) Y (0) (0t — 0Y) + - - - + v,(0)(6% — 0%) = 0 (t=r+1,---,k

has™a unique solution in the unknowns 67+, - . . 6% From the definition
of the quantities 8,,(0) and v,:(8) it follows that
(119) A(8)||o:;0)[|4(0) = I,
where 4 (0) denotes the matrix
B11(6) B12(0) - - - B (8) 0 o0 0
B12(0).  B22(0) - - - B2(0) 0 e 0
(120) Br1(0) Br2(6) - -+ B.r(0) 0 ce0 0 )

Yr+110)  Vre12(0) - - - Yrg1+0)  Yrr1r41(8) - - - Yr11(6)

v1(0) vr2(0) - - vie(8) Yirt10) -+ vri(8)

A(0) is the transposed of 4(8) and I denotes the unit matrix. Since ¢:;(6)
is a continuous and bounded function of 8 and since the determinant |a:;(6)|
has a positive lower bound, we find that 8,,(0) and v.:(8) are continuous and
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bounded functions of 0 and that the absolute value of the determinant 4(0)
has a positive lower bound. Hence also the absolute value of the determinant

Yre1042(0) « -+ Yry14(8)
(121) v(0) =
Yerr1(0) - - - vir(8)

has a positive lower bound.

Let §=60* where 0* denotes an arbitrary point of w. Then, since the de-
terminant in (121) has a positive lower bound, the equations (118) have a
unique solution in the unknowns 0!, - - . | 0% namely the solution 6=0%*.
Furthermore we see that the Jacobian of the equations (118), taken at the
point 8 =0%* is equal to y(6*). Since the absolute value of y(0*) has a positive
lower bound, there exists a positive § such that the equations (118) have a
unique solution in @ if |0 0*| =<4é. This proves the existence of a positive &
such that for any point 6 in S; there ex1sts exactly one surface S.(0) such that
0 lies on S.(0).

Since for the critical region W,* defined in (115) we obviously have
limpee P(W.*|6) =1 uniformly over the domain |6”—63| = 8, we shall restrict
ourselves to the consideration of points 8 for which IO” 6”] Sé(p=1,:--,7).

Consider the transformation of the parameter space given by

124

00 = Brl(o)(ol - 9:(1)) + c + Bpr(o)(or - 0;) (P = 1) Sty 7'),
6 = 'Ytl(e)al + et + 'Ytk(e)ek (t =7 + 17 Ct k))

where 0 denotes the point for which 6 lies on S.(8). The transformation (122)
transforms S,(0) into the sphere S¢ (0) given by

(122)

(123) Z 0" =o' =¢ 0" = vu©o =0" C=r+1---, k).

p=1
We define a weight function £(0) as follows:
Alw'(6, p)]
p—O 4 [w(a’ P)]

where the symbols on the right-hand side have the same meaning as in (109).

(124) £0) =

THEOREM IV. Let the critical region W,* for testing 10 =100 be the region
defined in (115). Furthermore, let S.(8) be the surface defined in (117) and let
£(0) be the weight function defined in (124). Then {W.*} has asymptotically
best average power with respect to the family of surfaces Sc.(0) and the weight
Sfunction £(0).

Proof. Because of Lemma 1, we can restrict ourselves to subsets of the
space of the maximum likelihood estimates. Because of Lemma 2, Theo-
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rem IV is proved if we show that for any {Z.*} for which Lu.b.e P(Z,*|8) =a
we have

n=ow

lim sup {m.b.[ BZn| 0)¢a(0)dA — B(W| o)g',.(o)dA]} <o,
X s:(0) @

Sc

$a(0) = £(6) / fs © £(0)dA.

If Theorem IV were not true, there would exist a sequence { c,.}, a se-
quence {8,}, a sequence {Z,*}, and a subsequence {n'} of {n} such that

where

Lub. P(Zr|0) = a,
(125) ¢
. *
lim { fsw(onl)qs(z,,,l 6)¢w(6)dA — f

n=os Scnr 0”,

B | e)mo)dA} —5>0.

It is easy to verify that for any sequence {c.} for which lim nc,=+ © we
have fsC,,(e)‘B(W,,*IO)g',.(O)dA=1 uniformly in 0. Hence (125) can hold only
if the sequence {n’c.+} is bounded. If {#’c, } is bounded, for any sequence of
regions { V.*} we obviously have

(126) lim { f BV | O)¢w(6)dA — f
n=w Sens(0,,) Senr(0,,,)

LA\ P

Py (V2| O)rn'(o)dA} =0,
where Py(V.*|6) denotes the probability of V,* calculated under the assump-

tion that n'/2(,—6%), - - - , n'/2(65—6*%) have a joint normal distribution with
zero means and covariance matrix ¢;;(0). Let W,*(8) be the region defined by

233O = )6 — 690,40) 2 do.

g=1 p=1
Itis clear that if {n’c, } is bounded, we have
(127) lim { Py(Wh| 0) — P[W.(0)| 6]} =0

fi=o

uniformly in 6 and @ over the domain in which 6 is a point of S.,/(8). From
(125), (126) and (127) we obtain

lim { f Py (Zn | )¢, (6)dA
Sc,.,(ﬂ,,,) "

n=o

(128)
- Po,,. [Wn(0.) | o];,.,(e)dA} =5>0.

Senr (0,

The surface S;(0) defined in (106) is identical with the surface S.(8) defined
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in (117) if in (106) we substitute ¢;;(0) for N;;, that is we substitute ¢,4(0)
for X, Similarly, if we substitute ¢;;(8) for \; for any point of the surface
S.(0), the value of the weight function £(6) defined in (109) is the same as
the value of £(0) defined in (124). Hence, since

lim [Lu.b. Py(Zn | 0)] = a,
n=w ']

equation (128) is in contradiction to Proposition V. Thus Theorem IV is
proved.

10. Tests of linear composite hypotheses which have best constant power
on a family of surfaces. The critical region W defined in (104) satisfies condi-
tion (a) of Definition IX if K,(8) is equal to S.(8) given in (106). Hence from
Proposition V we obtain the following proposition.

ProrosiTiON VI. The region W given in (104) has uniformly best constant
power on the surfaces S.(0) defined in (106).

If W,* is the region defined in (115) and if K.(8) is equal to the surface
S.(0) defined in (117), then { W,*} satisfies conditions (a) and (b) of Defini-
tion X. Hence, from Theorem IV we easily obtain the following theorem.

THEOREM V. Let W.* be the region defined in (115) and let S:(8) be the sur-
face defined in (117), then for testing 10 =100, { W.*} has asymptotically best con-
stant power along the surfaces S.(0).

11. Most stringent tests of linear composite hypotheses. We shall prove
the following proposition.

ProposiTION VII. Let y?, - - -, y* be k variates which have a joint normal
distribution with unknown mean values 61, - - -, 0% and, known covariance ma-
trix ||oul| =||Nil| "% For testing the hypothesis 16 =100 on the basis of a single
observation on each of the variates y', - - -, y*, the region W given in (104) is a
most stringent test.

Proof. First we shall show that P(f, w, @) is constant along S.(8) where
S.(0) is defined in (106). Consider a linear transformation of y?, - - -, y* as
defined in (105). Then the transformed variates y’!, - - -, y’* are independ-
ently distributed with unit variances. Denote by 6’ the image of 6 obtained by
the transformation (107) and let P’(6’, w, ) be equal to lL.u.b. P(Z’I 6”) with
respect to Z’, where Z’ may be any region in the space of ', - - -, y’* sub-
ject to the condition that

Lub. P(Z'| 160, #0') = a.
20

Obviously P'(¢, w, &) = P(8, w, a).
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Hence we have merely to show that P’(6’, w, ) is constant along S/ (8) where
S7 (0) is the image of S,(8) and is given by '

SO -6)'=¢c 6 =9¢" t=r+1,---, k).

=1
Let P*(6’, 180, &) be equal to the least upper bound of P(Z’|8’) with respect
to all regions Z’ in the space of %, - - -, y'* for which P(Z’|10, 26") =ca. Ob-
viously P*(6’, 100, @) Z P'(0', w, a). It is easy to verify that the region V' for
which P(V’IIO’, 20") = P*(6’, 100, @) is a subset in the space of y't, - - -, y'~,
Hence

P(V'I 100, 01) = P(V'| 100, 207)
for any pair of points 6 and 6¢, and therefore
P*(o,y 100’_0-) = P,(O,v w, d) = P(oy w, a)’

Since P*(8’, 100, @) is constant along S.(0), our statement is proved. From
this and Proposition V, Proposition VII easily follows.

TrEOREM VI. Let W.* be the region defined in (115). Then {W.*} is an
asymptotically most stringent test of the hypothesis 10 =10,.

Proof. Denote by B.(0, w, ) the least upper bound of ‘B(Zn*l 0) with re-
spect to Z¥, where Z.* is restricted to regions in the space of the maximum
likelihood estimates for which

Lu.b. BZr| 0) = a.
0

On account of Lemmas 1 and 2 we have

(129) lim {P,.(G, w, @) — P, o, a)} =0
uniformly in 6.

Denote by P,(6, 180, @) the least upper bound of P,(Z.*|6) with respect
to Z.¥ where Z* is restricted to regions in the space of the maximum likeli-
hood estimates for which

Lu.b. P(Z:I 100, 20) = .

)
The symbol P( V,,*| 60) denotes the probability of V,* calculated under the as-
sumption that the joint distribution of nV2(,—6"), - - -, nV/2(6;—6") is nor-
mal with zero means and covariance matrix ||c:;(8)||~!, where 8 denotes that
point for which 6 lies on the surface S:(0) defined in (117). It can be shown
that for any positive A we have
(130) lim {PBa(6, @, @) — Pa(6, 60, @)} =0



1943] TESTS OF STATISTICAL HYPOTHESES 463

uniformly in 6 in the domain |10-—100| =<\/n'2, Since for any sequence {0,.}
for which

r 1/2
lim n”z( > - oé’)”) = + o,

n=ow p=1
we have

lim P(0,, w, ) = lim P,(6,, 10, a) = 1,

we obtain from (130)
(131) lim {PBa(8, 0, @) — Pa(8, 160, @)} =

n=ow

uniformly in 6. The function P,(8, 16,, @) is constant along the surface S.(0)
defined in (117). This can be proved in the same way as the constancy of
P(6, w, @) on S,(0) defined in (106). Hence from (129) and (131) we obtain

(132) lim { Lu.b. P.(6, v, @) — glb P,.(o w, @)} =
n=w 0 8.(0)

uniformly in 8 and ¢. According to Theorem V we have

(133) '}i:n;: {016%?0) P(Wx|6) — glb P(W o)} =

uniformly in ¢ and 0. Theorem VI follows from (132), (133) and Theorem IV.

12. The general composite hypothesis. In §§9-11 we have considered the
linear composite hypothesis 10 =10. Now we shall discuss a general composite
hypothesis H, where w denotes a subset of the parameter space given by r
equations

(134) gO) =80 =---=¢0=0 (r <k),

that is, w is the set of all points # which satisfy equations (134). We make the
following assumption.

AssuMprION V1. There exist k—r functions £7+1(0), - - -, E¥(0) such that the
following three conditions are fulfilled:

(@) The transformation which transforms the point 0 into the point & with
the coordinates £1(0), - - -, E¥(0) is a topological transformation of Q into itself.

(b) The first and second order partial derivatives of £(0), - - -, £%(0) are
uniformly continuous and bounded functions of 6.

(c) The greatest lower bound of the absolute value of the Jacobian
(g, - - -, E%)/O(6Y, - - -, 0%) is positive.

Let £=(£', - - -, &) denote a variable point of the parameter space (.
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Since according to Assumption VI the transformation

(135) £ = £(0) (G=1,-«-, k)
is topological, we can solve the equations (135) and we obtain
(136) 0t = 0"(51, T Ek) (i =1, k)-

From conditions (b) and (c) of Assumption VI it follows that the first
and second order derivatives of 6i(£!, - - -, £¥) are uniformly continu-
ous and bounded functions of £ and the absolute value of the Jacobian
ae, - - -, 0% /(& - - -, £%) has a positive lower bound.

Let f*(x, £) be the probability density function we obtain from the proba-
bility density function f(x, 6) of x by substituting the right-hand side of (136)
for 6% Hence f*(x, £) is the probability density function of x in the trans-
formed parameter space. It is clear that the maximum likelihood estimate
of ¢iis equal to & =¢£i(6;, - - -, 6F), where 0, is the maximum likelihood esti-
mate of .

Denote by I*, IT*, - . . | V* the assumptions which we obtain from As-
sumptions I-V respectively by substituting f*(x, &) for f(x, 6), £ for 8 and
£, for 6,. We shall show that Assumptions I*~V* can be derived from Assump-
tions I-VI.

Assumption I* is an immediate consequence of Assumptions I and VI.
Since according to Assumption VI the first derivatives of £i(6) are continu-
ous and bounded functions of 6, the transformation (135) is uniformly con-
tinuous. Hence, for each positive €* there exists a positive e such that the
inequality |6,—0| <e implies the inequality |, —&| <e*. From this and As-
sumption II we obtain Assumption IT*.

Denote by v;(x, 61, §) the least upper bound, and by u;(x, 6, 8) the great-
est lower bound of 9 log f(x, 0)/36% in the interval 6, — 6 <6 <6, 4 6. Using the
Taylor expansion we obtain

(137) 3 log j(.x, 6’:) _ d log f(x, 61) Z (01 B ,~ a2 log f(x, 1) ’

6% 6, o) 007307

where 8, lies in the interval [6;, 6*]. From (137) it follows that

(138) Slog flz, 1) _ @ log (=, 0 = 2 Z (| ¢six, 0, 8) | + | ¥si(=, 6, 8) |]

a0t a0t
for any 0 and 6 for which
0—6<6,<0+5 and 6—3=<0; S0+
From (138) we obtain for any positive &

(139) [ vil#,0,8) — pilw, 6,8) | < 2820 [| dii(=, 6, 8) | + | wisla, 0, 9) 1.
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Let {01,,} and {02,,} (n=1, 2, - - -, ad inf.) be two sequences of parameter
points such that

(140) lim (Gln - 02,.) = 0.

According to Assumption III the expectations Es, [¢:i(x, 62, 8)]? and
Eg, [¥ii(x, 02, 8)]2 are bounded functions of 6y, 6; and § in the domain D. de-
fined in Assumption III. Hence also the expectations Eo,|¢,-,-(x, 0, 6)| and
Ea,|¢,~,~(x, 0,, 8)| are bounded functions of 6, #; and & in the domain D..
From this and relations (139) and (140) it follows that for any sequence {6.}
of positive numbers for which lim,—., 6, =0 we have

(141) lim {Eol"v;(x, O2n, 8n) — Egy,ui(%, 020, 6n)} = 0.
7n=0c0
Since )
d log f(x, 02n
pi(x, O2ny 8) = —g%‘— < vi(%, 024, 8,)

it follows from (141) that

d log f(x, O2n
lim {E,,My,-(x, 62y 8,) — En, —ig;——ﬁ} =0,
(142) e
. d log f(zx, 02.)
lim Eol"p.,'(x, 02,,, 5,.) - Eom———.—‘— = 0.
n=c a9*
Using the Taylor expansion we have
d log f(x, 03, d log f(x, 61) ; . 92log f(x, @,
(a3 RS0 D1on S0 o gp gy PI8SET),
a0 a6* 7 36967

where 8, lies in the interval [61,, 02.]. Since the expectations E9,| ¢:i(x, 0, 6)|
and Ea,|¢,-,~(x, 02, B)I are bounded functions of 6y, 62, and é in the domain D,

we obtain (5, 5)
; i . 9% log f(x, 6,
lim E 82n — O1n —————} =0.
o 01,.{ ;( 2 1) 90i007
Hence it follows from (143) and Assumption IV that

aJ lOg j(x, 02n) _ i} 10g f(xr oln) _

144 lim E lim E 0.
(144) o a6¢ —o " a6¢

We obtain from (142) and (144)

(145) lim Eg, vi(x, 024, 6,) = lim Eg pi(x, 024, 8,) = O.

Denote by ¢%(x, £, 6*) the least upper bound, and by ¥ji(x, £, 8*) the great-
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est lower bound of 8% log f*(x, £)/0£:9%7 in the interval & —6* £ & 4-0* We
have

a2 log f*(=x, & _ a2 log f(x, 6) 6_0’ oo™
yy Lot

oEiOEi ~ T oplgem  oE okl
(146) st Sen tte L
og f(x,
+ z,: 96! dfioti
Since .
) ,0
E, (___ng) — o,
30

we obtain from (146)

32 log f*(=, & a2 log f(x, 6) 96! 60"‘]
47 B = E| —=2 7 7 7 .
(147 T apagd P2 "[ a0toe™  og ogi
Hence the determinant
921 : 921 , e, - - -, 0F)\2
(148) E, og{*(?c £)|= E, Og.f(o.c 6) < ( 0 )) .
oEidEi 060907 1 \A(&, - - -, £¥)

Since the determinant I — E40? log f(x, 6)/06 "80"| has a positive lower bound,
it follows from (148) and Assumption VI that

(149) | = Eed? log f*(=, £)/0%0 |

has a positive lower bound.

For any positive 8* let 6(8*) be the smallest positive number such that
for any two points & and & for which | —£| <8* we have |6,—0,| <8(5%)
where 6; and 0, are the image points of & and & by transformation (136).
From (146) we obtain
a0t ao™
t o7
%!
oE0E
* * - % o 00! 3™

ii(%, &, 0 = mx,0,66 oo o
Vil £ 8) 2 2 Dvmle 0 00)] 5 o
%!

gLl

4’:7‘(«'”1 £ 3*) =< ; Z Elme’ 0, 5(6*)]

+ X wix, 6,569]
14
(150)

+ ; iz, 6,805

where 0 is the image point of ¢ by transformation (136), and the derivatives
90'/9¢¢, 320'/3%°0¢ are taken at some points in the interval [£—06%, £406*],
and the functions @um(x, 0, 8), Yin(x, 6, 8), mi(x, 0, 8) and i(x, 0, d) satisfy the
inequalities
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Vin(#, 0, 8) < ¢in(x, 0, 8) = dunm(z, 0, 8);
Vim(%, 0, 8) < Fun(%, 6, 8) < din(x, 0, 8);
wi(z, 0,8) = vz, 0,08 < r(x,0,9);
m(z, 0, 8) < m(x, 6, 8) = w(x,9,9).

Let {£.} and {&.} be two sequences of parameter points such that
lim &,=lim &,=£. Let 61, be the image point of £, 02, the image point
of £3., and 0 the image point of £ (by transformation (136)). Let furthermore
{8} be a sequence of positive numbers such that lim 8,*=0. Then we ob-
viously have lim §(8,*) =0 and therefore using (145) and Assumption III we
obtain

lim Eg,¢1m[%, 020, 5(6n)] = Es0% log f(x, 6)/36'96™,

7=

lim Eo,¥im [, 620, 5(8%)] = Ead? log f(x, 6)/06%0™,

n=ow

lim Egp: [, 620, 8(0)] = O,

lim Egp; [%, 02s, 5(5:)] =0

n=ow

(151)

uniformly in 8. From (150) and (151) and the uniform continuity of the deriv-
atives 90%/9&¢ and 020%/9£¢0¢7 we obtain

92 1lo X
(152)  Tim Eoudti(a, ton 53 = lim Benfi(e, by 89 = Bl 28
o n=0 oEiat
uniformly in £.
Because of (150) we have both

I ¢ti(xv Ev 6*) I and l ‘l/ti(xr Er 6*) I

< XI: E{[I Yinx, 6, 5(5%)] |

. aal aom )
(153) + | imlx, 6, 8(5 )]I][l-ue-b- Pyl ]}
! 320!
oEiaL

+ Zl:{[l vilx,0,80%)]| + | il 0, 8(5%)] |][l.u.b.

£

I

where the least upper bound with respect to £ is to be taken over the interval
[£—6% £+6*].
We shall show that Es, [vi(x, 05, 8) ]2 and Es, [u:(x, 02, 8) ]2 are bounded func-
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tions of 6y, 0, and & in the domain D, for sufficiently small e. Our statement is
proved if we show that E, [0 log f(x, 01)/00°]2, Es, [vi(x, 62, 8) — 9 log f(x, 1) /967]?
and Ep, [ui(x, 02, 8) — log f(x, 6:1)/00%]2 are bounded in D.. The first of these
expressions is bounded because of Assumption V. From (138) it follows that

d log f(x, 0
vi(, 03, 0) — ——g(;%(,—i < 2830 [| ¢ei(w, 0, 8) | + | wii(a, 62, 67) |]
i

and

al , 0
iz, 62, ) — ——°—gc{§‘—) < T [| iz, 02, 8) |+ is(a, 02, 8]

where 8'=38+2.;/6{—6}|. From the above inequalities and the fact that
Eo, [¢:i(x, 02, 8)]2 and E,, [;(x, 02, 8)]? are bounded in D, it follows that for
sufficiently small € the expressions Eg, [vi(x, 02, 8)—0 log f(x, 6:)/30¢]? and
Eo, [ui(x, 05, 8) —3 log f(x, 8:)/307]2 are bounded in D.. Hence our statement
is proved.

Since the derivatives 90!/9¢% and 920%/9£:9£7 are bounded functions of £,
and since Ej, [¢ii(x, 02, 8)]% and E, [{:i(x, 62, 8)]? are bounded functions of
61, 62 and 6 in the domain D, it follows from (153) that there exists a positive
€* such that E;, [¢f(x, &, 6%) ]2 and Eg, [f(x, &, 6*)]? are bounded functions
of £, £ and 8* in the domain defined by | £ —£;| e* and | §*| <e*. Assump-
tion IIT* follows from the latter statement and the relations (152) and (149).

Assumption IV* is an immediate consequence of Assumption IV.

We have

9 log f*(x, & _ > 9 log f(x, 6) 96"

154
(159 agt ; a6i ot

For any points x and 6 denote the maximum of the % expressions
|0 log f(x, 6)/86], - - -, |@ log f(x, 6)/00%| by p(x, 8). From Assumption' V
it follows easily that

(155) Ep(, )]+

is a bounded function of 8. Since the derivatives d07/3%¢ are bounded func-
tions of £ Assumption V* follows from (154) and (155).
Denote by c(8) the function of 6 we obtain from — E;3? log f*(x, £)/0§'9¢7
by substituting £(8) for £. Then we obtain from (147)
. 30! 9om
156 11(0) = m(®) — — -
(156) 40 = L T ew® o 50

Denote by 4 the matrix ||60"/8£i|| (4, j=1, - - -, k) and let 4 be the trans-
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posed of 4. Then equation (156) can be written as
(157) @] = Alle:i@)]| 4.

Let [|o%(6)|| be the inverse of the matrix ||cf(0)||. Futhermore let B be the
matrix ||0£:/307|| (3, j=1, - - -, k) and denote by B the transposed of B.
Since B=A"!, we obtain from (157)

(158) llo::@)|| = Bl|o::(6)|| B,

where ||¢:;(0)|| =||¢:i(8)|| . Equation (158) can be written as
aE agi

*
159 ii(0) = —— —— 0 1m(0).
(159) O = LT om0
Let
(160) 186 ®] = lloma (@)~ (prg=1,"++,7.
Denote by W.* the critical region defined by the inequality
(161) nY 3 £20.)E(0.)050) Z dn,

g=1 p=1

where the constant d, is chosen so that
Lub. P(W*|6) = a.
0

The point 8 is restricted to points of the set w defined by equations (134).
For each positive ¢ and for each point 8 of w we define the surface S.(6) by
the equations

> 3 e@n0)do = .

(162) SO .
2 vi@E ) = L @0  (E=r+1,---, k),

where the coefficients 7,;(8) satisfy the following condition: There exists a
matrix Hﬁpq(e)n (p, g=1, + - -, r) such that if we form the matrix 4(0) given

in (120) then
(163) A40)|c5®)|[A®) =1,

where 4(0) denotes the transposed of 4(0) and I denotes the unit matrix.
Consider the transformation of the parameter space given by

0’7 = B(0)E'(0) + - - - + BHr(0)E(0) (p=1--,7,

(164)
0t = va(0)£(0) + - - - + vu(8)£*(6) t=r+1,---,k),
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where 0 denotes the point of w for which 8 lies on S.(8) for some value of c.

The matrix “,8,,,(0)“ is chosen so that (163) is fulfilled. The transformation
(164) transforms S.(8) into the sphere S/ (8) given by

r k
2@ =c¢, 0= 3 7.;(0)£i0).

=1
We define a weight function 9(8) as follows:
(165) 7(9) = lim A[o'(6, p)|/A[w(6, 0) ],

where the symbols on the right-hand side of (165) are defined as in (109).
Since Assumptions I*-V* are fulfilled if Assumption VI holds, we obtain
from Theorems IV, V and VI the following theorem.

TaEOREM VII. Let W, be the region defined in (161) and let S.(0) be the
surface defined in (162). Furthermore let 1(0) be the weight function defined in
(165). If Assumption VI holds, then for testing the hypothesis £(6)= - - -
=§£7(6) =0 the sequence {W.*}

(a) has asymptotically best average power with respect to the surfaces S.(0)
and the weight function n(0);

(b) kas asymptotically best constant power on the surfaces S.(8);

(c) 2s an asymptotically most stringent test.

13. Optimum properties of the likelihood ratio test. For testing a com-
posite hypothesis H,, Neyman and Pearson introduced a statistic(®), called
likelihood ratio, defined as follows: The density function in the sample space
is given by [[?..f(*«, 6). Denote by P(xi, - - -, x,) the maximum of this
function with respect to 6, - - -, 6% and let P,(xi, - - -, x.) be the condi-
tional maximum with respect to 6!, - - -, 6%, subject to the condition that 6
must be a point of w. Then the likelihood ratio for testing the hypothesis H,
is given by M(w, E;) =P,(%1, + * -, %a)/P(x1, - * -, x,). It is obvious that the
value of \,(w, E,) always lies between 0 and 1: Neyman and Pearson recom-
mend the use of the left tail as critical region, that is the hypothesis H, is
rejected if the value of A\, (w, E,) is less than a certain constant \,(w). Denote
the region A, (@, E,) <Aa(®) by L.(w). In all that follows we choose the con-
stant A.(w) so that

l.l}’.b. P[L.(w) I 0] = o
‘We shall prove that there exists a finite value B such that —2 log \.(w) <B

for all # and for all w. Consider the Taylor expansion

(%) See in this connection J. Neyman and E. S. Pearson, On the use and interpretation of
certain lest criteria for purposes of statistical inference, Biometrika vol. 20A (1928).
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2 log f(%a, 8) = D log f(%a, 6a)

1 s S, .d ; 92 log f(xa, -0.,,) 1
— 6, —0)(6, — 0 —_—
2 22 ) : Ea: a6'a07 n

“where 8, lies in the interval [6,, 8]. Since
Z 1°g f(xar on) - Z lOg f(xm 0) = — lOg Xﬂ(“"r En),

we have

. . . . 2 A
2 log Ml B S — XX nlhh — 09@] — o) ~ 3 L8 S B)
n o 86307
Since n1Y 3% log f(%a, 0.)/080:907 converges stochastically to —c;;(8) under
the assumption that 0 is the true parameter point, it follows easily from
Proposition I that for any €>0 there exists a positive value 4 (¢) such that
for any w

lim sup{l.u.b. P[— T3 @ — o) — oy 208 S B lo]} <e
n=w 0 « 00067

and limeq 4(e) = + . Hence
(166) lim sup {Lu.b. P[— 2 log M\(w, E.) = A(e) | 0]} < e
0,0

This proves the existence of a finite number B with the required property.

For any subsets I' and T of the parameter space we denote by §(T', I'’)
the greatest lower bound of the distance between 6 and 6’ where 6 is restricted
to points of I' and 6’ is restricted to points of I'’. We shall call §(T', I'’) the
distance of the sets I" and I".

Let {6.} be a sequence of parameter points such that lim §(6,, w) =0 and
limpeew #1/28(0,, w) =+ . We shall prove that there exists a positive vo such
that for any constant 4

(167) lim P[ > 10g f(%a, 8) — 2 log f(%a, 6%) > 4| oﬂ] =1,

n=o

where 8* denotes a point of w for which |8*—0,| <v, and >, log f(x; 6%)
=", log f(xa, 6) for all @ in the domain l0—0,.| =v,. Consider the Taylor
expansion

3" log f(%e 0%) — > log f(%a, 6.)
(168) “

n P Y I | 02 log f(%a, Bn)
- — . — 6, —0 )— —_—
3555 ORI S S i* CLLLN
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where 8, lies in the interval [6,, 6*]. Because of conditions (a) and (b) of
Assumption III for any €>0 the positive number », can be chosen so that

1 921 « On
ci;(0%) + _;_ Z __ogM

(169)  lim PI: —
n=c « 40907

<e|0n:l= 1.

Since ”c,-,-(o)” is positive definite and the determinant IC,‘j(o)I has a positive
lower bound, we obtain from Proposition I, (168) and (169) that for some
positive, vo, (167) holds. Hence our statement is proved.

We say that the likelihood ratio test is uniformly consistent if for any

positive »
lim P[L,(w)| 6] = 1
fn=o0

uniformly in w and 6 over the domain §(6, w) =Z». We postulate the following
assumption.

AssuMmpTION VII. The likelihood ratio test is uniformly consistent.

This assumption together with the uniform consistency of the maximum
likelihood estimate 6, will be proved in a forthcoming paper on the basis
of some weak assumptions on the density function f(x, 6).

Let w,(0) be the intersection of w with the set of all points 8’ for which

f,ll 0‘—0"[ =v. From Assumption VII it follows that for any positive »
(170) lim P{— 2 log M [w,(8), En] = — 2 log Ra[w,(0)]] 6} = 1
uniformly in 6.

Let {0.} be a sequence of parameter points such that lim,—, 8(6,, w)=0
and lim,,, #Y/26(0,., w) =+ . Denote by w, the set of all points 8 for which
|0—0,.| =vo. Since —2 log X, [w,(f) ] has a finite upper bound it follows from
(167) that for a sufficiently small v,

(171) lim P{— 2 log M[wn, Ex] = — 2 log X, [w,e(6.)]] 6.} = 1.

Obviously

— 2 log Mu(w, E,) = minimum {— 2 log M\ [w,g(8n), Enl], — 2 log Mawn, En)}.
From (170) and (171) we obtain
(172) lim P{— 2 log M(w, En) = — 2 log Xa[w,o(0)]] 6.} = 1.

n=o00

Since —2 log A\, [0,4(6.), En]= —2 log N\,(w, E,), we have —2 log X, [w,,(6.) ]
= —2 log A\, (w). Hence from (172) we obtain

(173) lim P[L,(w) |6,] = 1.
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From Assumption VII it follows that (173) holds for any sequence {0,.} for
which lim #'2§(0,, w) =+ .

Now let us consider the case where w is the set given by 10=16,. Let {0.}
be a sequence of parameter points for which the sequence #1/28(0,, w) is
bounded. Denote by 6,(w) the parameter point in w for which

ﬁf[xa, 0.)] = Pulan, - - 1 32).

Let 6, be the point for which §(6,, w) = 8(0,, 0,). Denote by T,(v) the region
given by the inequalities

IO,.—O,.|<V,

174
(174) | 6,(w) — Onl <

We shall prove that
(175) lim P[T,.()|6.] = 1 for any » > 0.

Consider the Taylor expansion

2 1og f(%a 0,) = 3 log f(a, 6r)
(a76) * ) 1 — 0% log f(%a) B)
n i s i 7 2 08 J(Xay Un
+"2—ZZ(9n—en)(0'i —0,) ;; T R

Since [#71) 0% log f(Xa, 0x) /307007 +c;;(8,) | converges stochastically to zero,
and since 72|65, —6}| is bounded, we easily obtain from Proposition I that
for any €>0 there exists a constant B, such that

lim sup P[Y log f(%a, 6,) — D log f(%a, 8,) = B¢| 0.] =.e

Since —2 log \(w, E,) 2, 10g f(%a, 6,) —2_ log f(xa, 0,) we have

77 lim sup P[— 2 log M(w, E,) = 2B.| 6.] < e

n=w

Denote by w, the subset of w in which | 0 -—0,,] =v. From Assumption VII
it follows that

(178) lim P[— 2 log Mu(wn, En) = — 2 log X,(w,) | 6.] = 1.

Since —2 log A,(w) = —2 log Xs(w,) we have
(179) lim P[— 2 log Nu(wn, En) = — 2 log X,(w) | 6.] = 1.

Nn=ew

For any given constant B there exists a positive a <1 such that —2 log A (w)
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2 Bif Lu.b.e P[L.(w)|6]=c. Hence from (179) we obtain
(180) lim P[— 2 log Nu(wn, Ea) = B|6,] = 1

for any constant B. From (180) it follows that
(181) lim {P[— 21log \(w, E.) Z B|6,] — P[] 6.(w) —0,| 2 »|6.]} = 0

for arbitrary values of B. From (181) and (177) we obtain
lim P[] 6,(w) — 0,| = »|6.] = 0.

Hence (175) is proved.
Consider the Taylor expansion

2 log f(%a, 8,) = 2 log f[%a, 64(w) ]

(182) °© . .
n § $1r.d i, 1 32 log f(x4, 6.)
— 0,(w) — 0,][0.(0) —0,] — _
+2§§[w 1[6a(w) ]ng Fyys

where 0, lies in the interval [0,, 6,(w)]. In the following arguments we shall
use the following lemma: Let l|)\¢,-|l (z,7j=1, - - -, k) be a definite matrix and
Sor each integer s let N; be a real number such that lim,— Ny=N\;j. Then

lim (30 3 vvihii/ 20 2 wvihis) = 1

Sa= 00

uniformly in vy, - - -, .. From (175), the Taylor expansions (176) and (182),
and the above lemma it follows that for any ¢>0

lim P[(1 4+ &g — (1 — €dn = — 2 log M(w, E,)

183)

(183 Z(1—9¢— 1+ 9d|0.]=1,
where

LA i i i i
(184) qn = Z Z n(én - on)(on —0,)c;(6,)

1 1
and

LA iyrad i
(185) gn = 20 3 n[6u(w) — 8,][0n(w) — 0,]ci;(0.).
r+1 r+1

Since —2 log N\,(w, E,) 20, we obtain from (183)
(186) lim P[(1 + &)gn — (1 — dn = 0] 6,] = 1.

n=wx
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Since the sequence {#1/23(0,, 0,)} is bounded,. the expression g» is bounded
in the probability sense, that is for each positive p there exists a positive
value 4, such that

lim P(g. > 4,|6,) < ».
From (186) it follows that g, is also bounded in the probability sense. Hence
because of (183) we have

(187) lm Plgn — @n+ €= — 2log Mo(w, En) 2 ¢u — gn — €] 6] = 1

7= 0

for any €>0. From the Taylor expansions

% al ay Un,
yn(ﬁn) 1/2 Z _ng_(ox__)_
(188) 8 log f( 0*)
—_— 1z — J— ~_—__0g xa, n ) = PRI
= E (61 — 61) ; w90 (i=1---,k)
and
: N k. 1/20,1;0)'—' : _1_ azlogf(xa,():*)
(189) 3@ = = Don (o) — 0] 30— =
. (1:=f+1,"',k)
we obtain
(190) 3O) =+ 206 — 0 [cis(0) + esin(En)],
(191)  #7(0% — 02) = X [040a) + miinlEn) 72(0) G=1,---,h),
i=1
and
(192) #[6h(@) — 0a] = X [6:i0n) + Sim(En) ]3a®) G=r+1,---, k),
J=r+41
where
”0'.‘7’(07;)” = Hcii(on)u—l (7:! .7 =1,---, k)v
‘l&ll(0)|l = ||Cii(0)l‘—l (i)j =7 + 19 Tty k),

and for any positive » we have
lim P[] eija(En) | < #| 02 = lim P[| niju(En) | < | 64]
= lim P[| tin(Ea) | < v|6a] = 1.
n=o

Hence
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33 nnw) — 62][62(w) — 61]ci;(6.)

r+1 r+1

+M:r

E [Cii(on)&il(on)aivn(on) + Pt‘ilmn(En) ])’;(on) y;n(on)
+

54100 + plin(En) 19n(02) y2(0,)

+Ma- +[\/]a-

- 2%

k k k k
= Z E Z Z [a‘i(on)cil(on)cim(on) + P:;mln(En) ]n(arl; - 0:;) (0:‘ - 0:'),
jert1 mel Il

where

lim P[l pz{;mln(En) ‘ < V' 0"] =

n=ow

for any positive ». If at least one of the integers I and m is greater than 7,
we have

k k
> 2 Gii(0)ci(0.)cin(8n) = cmi(®y).

j=r+1 s=r41

Hence
k k
2o 20 vmvicin(8,) — Z Z Z Z 5:1(00)Cim(8,)im(0,)2:10m
ma=1 l=1 f=r4+1 i=r+41 I=1m=1
r r k k
= Z E Vilm [sz(on) - > E &;,-(o,.)c.-,,.(o,.)c,-,(o,,)].
m=1 l=1 j=r4l d=ril
The coefficient

k k
An(©0:) = cim(02) — 22 D 74i(0)cim(04)c1(605)

r+1 r+1
can be written as the following ratio:
Clm(on) 1 r+1(0n) A Clk(en)
Cm r+l(on) Cri1 r+l(on) N 73S | k(en)
(193) Cmi(0n) cxr100:) - - cri(0)
Alm(on) =
Cri1 r+1(0n) 0t Crgl k(on)

Cr r41(0,) - - - ci(05)

It is known that if 4’ is the adjoint of any determinant 4, and M and M’
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are corresponding m-rowed minors of 4 and A4’ respectively, then M’ is equal
to the product of 4™~! by the algebraic complement of M.

Let A be the k-rowed determinant ]a;j(o,,)l (¢, j=1,---,k) and let M
be the (k—7+1)-rowed minors

azm(O,,) (0] r+l(0n) s o'lk(on)
(194) » = Ort1 m(on) Ort1 r+1(0n) tt ot Orgl k(on)
0 km(0n) ok r41(0,) - - - oki(05)
Then we have
clm(on) (2} r+l(0n) R clk(on)
m r on - r on RN 22 on —_—
(195)  arr = arrn| @) @) annO) |
ka(on) Ck r+l(0n) S ckk(en)

where M denotes the algebraic complement of M. Let M; be the (k—7)-rowed
minor |¢r.~,~(0)| (¢, j=r+1, - - -, k). Then we obtain

Cri1 r+l(0n) ot Cryd k(on)
(196) M{ = A% . . . = A*r131,,
ckr41(02) - - - cir(0)

where M, denotes the algebraic complement of M.
From (193), (195) and (196) we obtain

A1nm(8,) = M/My = cim(0,) Gm=1,---,7),
where || ¢in(8,)|| = ||leim(0.)||t (I, m=1, - - -, #). Hence
gn = o =12 2 (67 — 62) (60 — 01) [650(0,) + 100n(En) ] + pa(En),
g=1 p=1
where for any positive »

lim P[| npan(Ea) | < v|6.] = lim P[| pa(E) | < v|6.] = 1.
From (187) it follows that for any positive €

lim P{ — 2log M(w, Ex) — e £ X2 3 n(fa — 02)(6n — 05)
n=owo 1 1

(197)
[2a®) + Mpen(En)] = — 2 log Ml E) + €] o,.} —1
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Since 85=05 (p=1, - - -, r) from (197) we obtain because of the boundedness
of the sequence {#!/2(6,—9,)}

lim P[— 2log M(w, E) — ¢ < 20 30 n(0s — 00) (6 — 62)C,q(62)

< — 2log M(w, Ea) + €| 6,] = 1.

The above equation remains valid if we substitute 6, for 0,, that is

lim P[— 2 log )\,.(w, En) - € _S_ nz Z (0: - 001:)(0: - og)am(an)
n=w
198
(198) < — 2log M(w, En) + €| 6.] = 1.
Let W.,* be the critical region defined in (115). Since (173) holds for any
sequence {0,} for which lim #1/2§(0,, w) = », we obtain from (198)

(199) lim {P(Wy|0) — P[L.(w)| 6]} =0
n=w
uniformly in 6.
Now we consider the geheral case where w is given by 7 equations

B = =80 =0

such that Assumption VI is satisfied. As we have seen in §12, the whole the-
ory remains valid if we replace the parameters 6!, - - -, 6% by the new pa-

rameters
g =800, -, k= £X0),

where the functions £1(6), - - -, £(0) satisfy Assumption VI. Hence from
(199) it follows that
(200) lim {P(Wa|6) — P[L.(w)| 0]} =0

uniformly in 6, where W.* denotes the region defined in (161).
From (200) and Theorem VII we obtain the following theorem.

TuEOREM VIII. Let S.(08) be the surface defined in (162) and n(0) be the
weight function defined in (165). If Assumption VI holds, then for testing the
hypothesis £1(0) = - - - = £7(0) =0 the likelihood ratio test

(a) has asymptotically best average power with respect to the surfaces Sc(0)
and weight function 7n(0);

(b) kas asymptotically best constant power on the surfaces S.(6);

(c) is an asymptotically most stringent test.

14. Large sample distribution of the likelihood ratio. S. S. Wilks(®) has
derived the large sample distribution of the likelihood ratio N\.(w, E,) if w is

(%) S. S. Wilks, Distribution of the likelihood ratio in large samples, Ann. Math. Statist. 1938.
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a linear subspace of the parameter space and if the hypothesis to be tested is
true. Here we derive the large sample distribution of \,(w, E,) for any set w
satisfying Assumption VI in both cases, when the hypothesis to be tested is
true, and when it is not true.

Let i, « - -, u, be r independently and normally distributed variates with
unit variances. Denote the expected value of u, by u,. The distribution of
the statistic

U=wm+:+u

is known(”). The only parameter involved in this distribution is A*= 7 SRR
+u2. Let us denote the cumulative distribution of U? by F,(\?, £), that is,

(201) PU<n]=FN,D N =pm+- - +um.

Obviously F,(0, ¢) is the x2-distribution with » degrees of freedom.

Letw, - « -, v, be 7 variates which have a joint normal distribution. Denote
by p, the mean value of v, and by ¢,, the covariance between v, and v,.
Consider the statistic

(202) V= Z Z Apg¥s0g)

q=1 p=1

where ||N,o]| =||osdl| % It is easy to verify that the distribution of V2 is given
by

(203) P(V2 <) =F.(\¢),
where
(204) N\ = Z prqﬂpﬂw

We will now derive the limit distribution of the expression on the left-
hand side of (161), that is of the statistic

(205) 0n = 135 2 £2(0.)E°(0) a0

q=1 p=1
The joint distribution of the variates nY2[£(8,)—£(0)], - - -, nY2[£7(6,)
—£7(0) ] converges with #— o uniformly towards the cumulative normal dis-
tribution with zero means and covariance matrix ||o%(6)|| =|| c%(8)|| % Since
6, is a uniformly consistent estimate of 8 and since ¢;;(f) is a uniformly con-
tinuous function of 8, the statistic

(206) On =12 3 £2(8,)89(6,)¢ ()

(") See for instance P. C. Tang, The power function of the analysis of variance tests, Statistical
Research Memoirs vol. 2 (1938).
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has the same limit distribution as Q,, that is,

(207) li__r&{P[C,.<t|0]—P[Qn<t|0]} =0

uniformly in 6 and ¢.
It is easy to see that

(208) lim { P[0, < ¢| 6] — F,[\n(6), ¢] = 0

n=o

uniformly in 0 and ¢, where

(209) M) = 23 T E(O)E (6)cra(0).
Hence, because of (207) we have
(210) lim {P[Qa < ¢[ 6] = F.[M(6), £]} = 0

uniformly in 6 and &.
Let {6.} (n=1, 2, ..., ad inf.) be a sequence of parameter points for
which #1/2§(0,, w) is bounded. Then we obtain from (198)

(211)  lim P[— 2log M(w, E,) — € < Q0 < — 210g Mo, Eo) + €| 8.] = 1
for any positive e. From (210) and (211) it follows that

(212) lim {P[— 2 log Ma(w, Ex) < t|6,] — F.[Mn(8), £]} = 0
uniformly in £. Since (173) holds for any sequence {0, } for which lim 7Y/25(8,, w)
= -+ «, we obtain from (212)

(213) lim {P[— 2 log \(w, E.) < t| 0] — F,[\(0), ¢]} = 0

n=w
uniformly in 6 and ¢. Hence we have proved the following theorem.

TueoREM IX. Let F,(\2, t) be the distribution function defined in (201)
and let M\.(w, E,) be the likelihood ratio statistic for testing the hypothesis
£10) = - - - =£7(0)=0. Let furthermore N2(0) be the expression defined in (209).
Then, if Assumption V1 holds, we have

lim {P[— 2 log M(w, E,) < t| 8] — F.[\a(0), £]} = 0
uniformly in t and 0. If the hypothesis to be tested is true, that is if 0 is a point
of w, N2(0) =0 and therefore the limit distribution of —2 log Nu(w, E,) ts the
x2-distribution with r degrees of freedom.
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15. Summary. Let f(x!, - - -, x™, 0%, -- ., 0%¥) be the joint probability
density function of the variates x!, - - -, x™ involving k unknown parameters
6, - - -, 0% Any set of values 6, - - -, 0% can be represented by a point 6
of the k-dimensional Cartesian space with the coordinates 6!, - - -, 6% Let w
be the subset of the parameter space defined by the equations

E(0) =£0)=---=¢(0)=0 (r= k),

that is, w is the set of all points 6 for which the above equations are fulfilled.
Denote by H, the hypothesis that the true parameter point 6 is an element
of w. In this paper the question of an appropriate test of the hypothesis H,
is discussed when the number of observations is large.

The following notations have been introduced. The point 6, denotes the
point with the coordinates 6}, - - -, 6% where 6, is the maximum likelihood
estimate of 6 based on 7 independent observations on «?, - - -, x™ The ex-
pected value of —92 log f(x!, - - -, x™ 0%, - - -, 0¥)30'307 is denoted by ¢;;(8)
and ||o:;(0)|| =||cii(0)||~*. Furthermore Y r.,> k.,(9£7/30%)(9£2/96™)a1m(0)
(p, ¢=1, - - -, ) is denoted by ¢},(6) and

Ilg’;q(e)n = ”a:q(e)n_l (Pr q= 11 Ct f).

The region W.,* denotes the critical region defined by the inequality

130 20 2080, 50(0:) Z dn,
g=1 p=1
where # is the number of independent observations on x!, - -+, x™, and the
constant d, is chosen so that the least upper bound of the probability that
the sample point falls within W.*, calculated under the restriction that the
true parameter point lies in w, is equal to a given positive a <1.

Let N\, be the likelihood ratio statistic for testing H,, and let L, be the criti-
cal region defined by the inequality

PV ¥
where the constant X, is chosen so that the least upper bound of the probabil-
ity that the sample point falls within L., calculated under the restriction that
the true parameter point lies in w, is equal to a.

Under certain assumptions on f(x!, - - -, x™, ', - - -, 6%) and the func-
tions £1(8), - - -, £7(0) the following results have been obtained:

I. For testing the hypothesis H,, the critical regions W,* and L. both:
(1) have asymptotically best average power over a family of surfaces defined
in (162); (2) have asymptotically best constant power along the surfaces de-
fined in (162); (3) are asymptotically most stringent tests. The exact defini-
tions of these notions are given in Definitions VIII, X and XII, respectively.

I1. The statistics —2 log N, and % D 7., > 5 _1£7(0,)£9(6.) ¢ (6) have the
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same limit distribution. The limit distribution of —2 log \, is the x?-distribu-
tion with 7 degrees of freedom if the hypothesis to be tested is true. If the
true parameter point 6, is not an element of w, the distribution of —2 log A,
approaches the distribution of a sum of non-central squares

U'=u+- +u,

where the variates %y, - - -, %, are independently and normally distributed
with unit variances and

3 Eu)t = 1S S E(0.)E(0.)2ka(60).

p=1

CoLuMBIA UNIVERSITY,
NEw Yorg, N. Y.
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