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• Rules for Feynman Diagrams  (Ch. 6)

For mathematical background see in the lecture notes:
•  Appendix B:  Introduction to Green Functions 
•  Appendix C:  Introduction to Complex Integration
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Plan for week 4

Finish from last week the Feynman-Stückelberg interpretation of
negative energy solutions:

This week we will use this to derive the rules for Feynman  
diagrams that will allow us to compute amplitudes for scattering 
and decay reactions.  This will include:

• Green functions  and propagators

• Amplitude for scattering by a potential

• Amplitude for electron-proton scattering

• Generalisation to Feynman rules for tree-level diagrams
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Interpretation of negative energy solutions

Solutions to Dirac eq. have both positive and negative energy:

Energy means eigenvalue of 

(here E always positive)

From week 3
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The Dirac sea (1930)
Dirac’s first attempt was to say all negative energy states are filled.

Because of the Pauli exclusion principle, no particles could fall into 
the negative energy states.

A negative energy state could be made vacant by adding an energy 
of at least 2m (e.g., collision of two photons).

The vacated state or “hole” is an antiparticle (positive mass, 
opposite charge). Corresponds to pair production:  γγ → e+e−.

From week 3
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Antimatter

Positron discovered 
(Anderson 1932).

But the Dirac sea could not be applied to bosons (since no Pauli
principle).

View abandoned in particle physics but its analog still used to 
describe  electron-hole pairs in a semiconductor.

From week 3
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Feynman-Stückelberg interpretation
Stückelberg, Feynman interpret negative energy solution as
propagating backwards in time, and equivalent to a positive 
energy particle moving forwards in time.

• Emission of an antiparticle with four-momentum pμ is equivalent to 
absorption of a particle with −pμ. 

• Absorption of an antiparticle with pμ is equivalent to emission of a particle 
with −pμ.

From week 3
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Feynman-Stückelberg interpretation (2)

Feynman-Stückelberg interpretation gives consistent description of 
scattering processes including creation and annihilation of 
particles.

Dyson showed it is mathematically equivalent to Quantum Field 
Theory (F.J. Dyson, The Radiation Theories of Tomonaga, 
Schwinger, and Feynman, Phys. Rev. 75, 486 (1949))

Standard view (today) is to take QFT as the more fundamental 
formulation of the theory.

Feynman-Stückelberg interpretation provides a fast route to 
Feynman rules for amplitudes.

From week 3
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Integral representation of delta function

Take Fourier transform of 

Take inverse transform:

Note either sign OK in exponent since 

Often use 4-D version:

four-vectors
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Propagator and time evolution (Sec. 6.4)

The Green function that solves is

(1)

(2)

Consider free electron with k = (k0, k) with k0 > 0.  Wave function is

Claim:  at a later time t > t ′ the wave function is 

(3)

(4)
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Proof of integral formula for φ+(x) 

Use Eq. (1) for K(x − x′) (t > t ′) and Eq. (3) for φ+(t ′, x′) in Eq. (4): 

Collect terms in x′ and move terms in x outside the x′ integral:

Term in square brackets is 
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Proof of integral formula for φ+(x)     (ii) 
Use the delta function to carry out integral over p:

Used so that when delta function enforced p = k,

it also caused E to be replaced by k0.

Now use fact that u(k) is solution of free-particle Dirac eq.

(Used and )

Therefore

Therefore

Comparing Eq. (5) with Eq. (3) proves Eq. (4).

(5)
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If t < t ′ we need Eq. (2) for K(x − x′) 

Calculation similar to before but now

(2)

only difference is this minus sign

Proof of integral formula for φ+(x)     (iii) 

Combining results for t > t ′ and t < t ′,

I.e. for k0 > 0, φ+(t,x) is given as an integral over d3x ′ at a given 
time t ′ in the past (t > t ′ ).
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Integral formula for φ−(x) and adjoint 

For the negative energy solutions use 

This leads to the same as above but t > t ′  t < t ′, 

→ Positive energy solutions spread out into the future;
      negative energy solutions spread out into the past. 

In similar way, find useful formula for adjoint:
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First-order matrix element (Sec. 6.5)
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Derivation of second-order matrix element

Using 

and 

we find the 2nd-order scattering matrix element:

2nd order term
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Contributions to scattering at 2nd order

Both diagrams are included in Sfi
(2) since the double integral contains 

both for t ′′ > t ′ and t ′′ < t ′.

For t ′′ > t ′, K(x ′′ − x′) gives propagation of e− with E > 0 from x ′ to x ′′.

For t ′′ < t ′, K(x ′′ − x′) represents propagation of e− with E<0 from x ′ 
to x ′′, or equivalently of e+ with E > 0 from x ′′ to x ′.

If only one time ordering is included, result is not Lorentz invariant.
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Feynman rules for QED
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