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Outline

Thursday 11:30: Introduction
Probability
Hypothesis tests
— Thursday 12:30: Parameter estimation
Confidence limits
Thursday 16:30: Tutorial on parameter estimation

https://www.pp.rhul.ac.uk/~cowan/stat/exercises/cowan_stat_exercises.pdf

Friday 11:30: Systematic uncertainties
Experimental sensitivity

Almost everything is a subset of the University of London course:

http://www.pp.rhul.ac.uk/~cowan/stat_course.html

G. Cowan / RHUL Physics TAE 2025 Benasque / Lecture 2



Parameter estimation

The parameters of a pdf are any constants that characterize it,

_* —9:/6’
flx;0) = ¢ i.e., Oindexes a

/ \ set of hypotheses.
rv parameter

Suppose we have a sample of observed values: x = (x, ..., x,,)

We want to find some function of the data to estimate the
parameter(s):

0(x) < estimator written with a hat

Sometimes we say ‘estimator’ for the function of x,, ..., x,;

nd

‘estimate’ for the value of the estimator with a particular data set.
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Properties of estimators

If we were to repeat the entire measurement, the estimates
from each would follow a pdf:

X best
g(0;0)
large
variance

We want small (or zero) bias (systematic error): b = E[0] — 0

— average of repeated measurements should tend to true value.

And we want a small variance (statistical error): V' [0]

— small bias & variance are in general conflicting criteria
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The likelihood function fori.i.d.™ data

*i.i.d. =independent and identically distributed

Consider n independent observations of x: x,, ..., x,, where
x follows f(x; 8). The joint pdf for the whole data sample is:

1=1

In this case the likelihood function is

L(O) = I] f(xi;0) (x; constant)
i=1
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Maximum Likelihood Estimators (MLEs)

We define the maximum likelihood estimators or MLEs to be
the parameter values for which the likelihood is maximum.

Maximizing L
equivalent to
maximizing log L

RN

~

0 = argmax L(0)
)

Could have multiple maxima (take highest).

MLEs not guaranteed to have any ‘optimal’ properties, (but
in practice they’re very good).
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MLE example: parameter of exponential pdf

Consider exponential pdf,  f(¢;7) = le—t/’r
-

and suppose we have i.i.d. data, tq1,...,tn
|
The likelihood functionis L(7) = [] T bi/T
i=1"7

The value of 7 for which L(r) is maximum also gives the
maximum value of its logarithm (the log-likelihood function):

InL(7) = i In f(t;;7) = ﬁ: (Inl — E)
i=1

i—=1 T T
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MLE example: parameter of exponential pdf (2)

Find its maximum by setting 1n L(7) =0,

oT

n
Zt@ 1

1=1

f®

075
Monte Carlo test:

generate 50 values
usingt=1:

05 F

025

We find the ML estimate:

I T T T T,
+=1.062 0 1 2 3 4 5

{
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MLE example: parameter of exponential pdf (3)

For the exponential distribution one has for mean, variance:

Elt] :/ tlet/mar =7
0 T

= 1
Vit] = / (t—7)2 e /7 dt =72
0 T

1 ('
Forthe MLE 7= =) t; we therefore find
ni:l

'1 T 7] 1 e
E[f]=E =) ti|==)Y E[tj=7 —> b=E[f]-7=0

. 1 «— T2 T
Vi =V HZL}- _EEV[Q]_E — o=
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Variance of estimators: Monte Carlo method

Having estimated our parameter we now need to report its
‘statistical error’, i.e., how widely distributed would estimates
be if we were to repeat the entire measurement many times.

One way to do this would be to simulate the entire experiment
many times with a Monte Carlo program (use ML estimate for MC).

For exponential example, from € w0
sample variance of estimates
we find: 100 |

5> = 0.151

50

Note distribution of estimates is roughly
Gaussian — (almost) always true for
ML in large sample limit. o o5 1 152
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Variance of estimators from information inequality

The information inequality (RCF) sets a lower bound on the
variance of any estimator (not only ML):

Vg > (1 —I-@)Q/E [—62'”’

Minimum Variance
] 'd Bound (MVB)

a0 962 (b= E[0] — 0)

Often the bias b is small, and equality either holds exactly or
is a good approximation (e.g. large data sample limit). Then,

V[é]%—l/E [62InL]

062

Estimate this using the 2nd derivative of In L at its maximum:

N 2InL\ 1
V[Q]:_( 562 )

—

0=0
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MVB for MLE of exponential parameter

ab\? 0% 1n L
' MVB = — ( 1+ — E
Find Vv ( +8T> / { 5.2 ]

.1
We found for the exponential parameterthe MLE 7 = - Z t;

i=1
and we showed b =0, hence db/dt = 0.
i (92 In L - 1 275@'

We find 52 — ; (72 — 73)

2
and since E[t;] =1t foralli, FE 0"In I __ " )

OT2 T2

2

and therefore MVB = — = V7] (Here MLE is “efficient”).

n

G. Cowan / RHUL Physics TAE 2025 Benasque / Lecture 2 12



Variance of estimators: graphical method

Expand InL(6f) about its maximum:

oln L
00

In L(6) = In L(§)+[ : {82'”1’

) L M2
]925(9 D45 |~ L:g(@ )2+ ...

First term is InL_,.,, second term is zero, for third term use
information inequality (assume equality):
(6 - 6)°

In L(0) ~ In Lmax — —

2
20 )

e, InL(A+5,) ~ In Lmax — %

— to get 75, change 0 away from § until InL decreases by 1/2.
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Example of variance by graphical method

o -02.5 I I |
ML example with exponential: Eﬂ
7 = 1.062
AT = 0.137 35
ATy = 0.165

54

o= AT~ ATy =~ 0.15

Q

Not quite parabolic InL since finite sample size (n = 50).
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Information inequality for N parameters

Suppose we have estimated N parameters 8 = (6,,...,0y)

The Fisher information matrix is

2 2
L= —E [8 lnL] :_/3 In P(x|0)

0000, o0,00, L (X10)dx

and the covariance matrix of estimators @ is ‘/ij — COV[Q@; 93']

The information inequality states that the matrix

0b
= o ) o 2

is positive semi-definite:
7'Mz > 0 for all z # 0, diagonal elements > 0
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Information inequality for N parameters (2)

In practice the inequality is ~always used in the large-sample limit:

bias — 0
inequality — equality, i.e, M =0, and therefore V"1 =1

: 9%1In L
Thatis, Vl=_E
ij [aez—aej]
2
This can be estimated from data using V! = _InL
tJ 00,00 0

Find the matrix V~! numerically (or with automatic differentiation),
then invert to get the covariance matrix of the estimators

V,; = cov[0;,0,]
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Confidence intervals by inverting a test

In addition to a ‘point estimate’ of a parameter we should report
an interval reflecting its statistical uncertainty.

Confidence intervals for a parameter 6 can be found by
defining a test of the hypothesized value 6 (do this for all §):

Specify values of the data that are ‘disfavoured’ by 6
(critical region) such that P(data in critical region|6) < a
for a prespecified ¢, e.g., 0.05 or 0.1.

If data observed in the critical region, reject the value 6.
Now invert the test to define a confidence interval as:

set of @ values that are not rejected in a test of size a
(confidence level CLis 1 —a).
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Relation between confidence interval and p-value

Equivalently we can consider a significance test for each
hypothesized value of 6, resulting in a p-value, p,.

If pp < a, then we reject 6.

The confidence interval at CL = 1 — a consists of those values of
6 that are not rejected.

E.g. an upper limit on @ is the greatest value for which p, > a.
In practice find by setting p, = a and solve for 6.

For a multidimensional parameter space 8 = (6,,... 0,,) use same
idea — result is a confidence “region” with boundary determined

by p, = 0.
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Coverage probability of confidence interval

If the true value of @ is rejected, then it’s not in the confidence
interval. The probability for this is by construction (equality for

continuous data):
P(reject 0|60) < a = type-| error rate

Therefore, the probability for the interval to contain or “cover” 6 is
P(conf. interval “covers” 8|0)>1 — «a

This assumes that the set of @ values considered includes the true
value, i.e., it assumes the composite hypothesis P(x|H,0).
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Frequentist upper limit on Poisson parameter

Consider again the case of observing n ~ Poisson(s + b).
Suppose b =4.5, n,, = 5. Find upper limit on s at 95% CL.
Relevant alternative is s = 0 (critical region at low n)
p-value of hypothesized s is P(n <n,; s, b)
Upper limit s, at CL = 1 — a found from

Ngobs

o = P(ﬂ. < Tobs: Sup,b) _ Z (Sup ‘|]‘ b) E—[Eup-l-b]
T

n=>0
1

Sup = EF;EI(I —;2(ngps + 1)) — b

| —
= 5F3'(0.95,2(5 + 1)) — 4.5 =6.0
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n ~ Poisson(s+b): frequentist upper limit on s

For low fluctuation of n, formula can give negative result for s,,;
i.e. confidence interval is empty; all values of s > 0 have p, <.

—
Mo

6 events observed

Syp (CL=95%)
=
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Limits near a boundary of the parameter space

Suppose e.g. b =2.5 and we observe n = 0.

If we choose CL = 0.9, we find from the formula for s,

Physicist:
We already knew s > 0 before we started; can’t use negative
upper limit to report result of expensive experiment!

Statistician:
The interval is designed to cover the true value only 90%
of the time — this was clearly not one of those times.

Not uncommon dilemma when testing parameter values for which
one has very little experimental sensitivity, e.g., very small s.
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Expected limit fors =0
Physicist: | should have used CL = 0.95 — then s, = 0.496
Even better: for CL=0.917923 we get s, = 10~*!

Reality check: with b= 2.5, typical Poisson fluctuation in n is
at least V2.5 = 1.6. How can the limit be so low?

Look at the mean limit for the L
no-signal hypothesis (s = 0)
(sensitivity).

Distribution of 95% CL limits
with 5= 2.5, s = 0. _— N
Mean upper limit =4.44 |

! |H|I'||AL||||

| | |
0 5 10 15
Sup
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Approximate confidence intervals/regions
from the likelihood function

Suppose we test parameter value(s) 8 = (0,, ..., 8,) using the ratio
L(#)
L(0)

Lower A(#) means worse agreement between data and
hypothesized 8. Equivalently, usually define

A(6) = 0<AB) <1

te = —2InA(0)
so higher t, means worse agreement between @ and the data.

o0

p-value of @ therefore Po = f(te|0) dte
tﬂ,obs \
need pdf
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Confidence region from Wilks’ theorem

Wilks” theorem says (in large-sample limit and provided
certain conditions hold...)

hi-square dist. with # d.o.f. =
to|0) ~ x> -
f(t6]0) ~ xa # of componentsin@=(0,, ..., 0.).

oo’ n

Assuming this holds, the p-value is
pe =1— Fxﬁ (tg) < set equal to o

To find boundary of confidence region set p,= a and solve for ¢,:

Recall also tg = —2In —
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Confidence region from Wilks” theorem (cont.)
i.e., boundary of confidence region in @ space is where
InL(6) =InL(6) — 3F (1 - a)
For example, for 1 —a = 68.3% and n = 1 parameter,
F10.683) =1
X1

and so the 68.3% confidence level interval is determined by

1
2
Same as recipe for finding the estimator’s standard deviation, i.e.,

InL(f) = In L(6) —

]

0 — oy, 0+ 0;] isa68.3% CL confidence interval.
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Example of interval from In L(6)

For n=1 parameter, CL=0.683, O, = 1.

= | | |
~]
2 4t | Our exponential
example, now with
only n =5 events.
Can report ML estimate
45 L | with approx. confidence
interval fromIn L., — 1/2
as “asymmetric error bar”:
s = 0851433
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For increasing number of parameters, CL = 1 — a decreases for

Multiparameter case

confidence region determined by a given

Qa :F}éll(l_&)

1l — o
Qa n=1 n=2 n=3 n= n=>a
L.O | 0683 0.393  0.199  0.090  0.037
2.0 | 0843 0632 0428  0.264  0.151
4.0 ) 0.9534 0865  0.739  0.594  (.45]
Q.0 | 0.997  0.989  0.971  0.939  0.891

G. Cowan / RHUL Physics
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Multiparameter case (cont.)

Equivalently, O, increases with n for a givenCL=1 —q.

Qa
n=1 n=2 n=J3 n=4 n=5
0.683 [ 1.00 2.30 3.03 4.72 2.8
(.90 2.71 4.61 6.25 T.78 0.24
(.95 .84 2.94 T.82 .44 11.1
(.94 6.63 0.21 11.3 13.3 15.1

1 -«
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Large-sample (asymptotic) properties of MLEs
Suppose we have an i.i.d. data sample of size n: x,,....x,

In the large-sample (or “asymptotic”) limit (# — o) and assuming
regularity conditions one can show that the likelihood and MLE
have several important properties.

The regularity conditions include:

* the boundaries of the data space cannot depend on the
parameter;

* the parameter cannot be on the edge of the parameter space;
* InL(0) must be differentiable;

* the only solution to dInL/060 =0 is o,

In the slides immediately following, the properties are shown

without proof for a single parameter; the corresponding
properties hold also for the multiparameter case, 8 = (6,,..., 0,).

°y m

G. Cowan / RHUL Physics TAE 2025 Benasque / Lecture 2
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log-likelihood becomes quadratic

The likelihood function becomes Gaussian in shape, i.e.
the log-likelihood becomes quadratic (parabolic).

L(6)
INL(O)

6 6

The MLE becomes increasingly precise as the (log)-likelihood
becomes more tightly concentrated about its peak,
but L(0) = P(x|0) is the probability for x, not a pdf for 6.

G. Cowan / RHUL Physics TAE 2025 Benasque / Lecture 2
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The MLE converges to the true parameter value

In the large-sample limit, the MLE converges in probability
to the true parameter value.

That is, for any ¢ > 0,

lim P(|0 — 6] >¢) =0

n—oo

The MLE is said to be consistent.

G. Cowan / RHUL Physics TAE 2025 Benasque / Lecture 2
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MLE is asymptotically unbiased

In general the MLE can be biased, but in the large-sample limit,
this bias goes to zero:

lim E[f] —6 =0

n—oo

(Recall for the exponential parameter we found the bias was
identically zero regardless of the sample size n.)

G. Cowan / RHUL Physics TAE 2025 Benasque / Lecture 2
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The MLE’s variance approaches the MVB

In the large-sample limit, the variance of the MLE approaches
the minimum-variance bound, i.e., the information inequality
becomes an equality (and bias goes to zero):

, A 1
nlggo Vel = - 521n L
B | 2|

The MLE is said to be asymptotically efficient.

G. Cowan / RHUL Physics TAE 2025 Benasque / Lecture 2
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The MLE’s distribution becomes Gaussian
In the large-sample limit, the pdf of the MLE becomes Gaussian,

L —(0-0)2/202

2 . . : L
where Jé is the minimum variance bound (note bias is zero).

—— exponential MLE for n =100
54 —— Gaussian

For example, exponential MLE
with sample size n = 100. 4-

Note that for exponential, MLE & 31
is arithmetic average, so 2-
Gaussian MLE seen to stem

from Central Limit Theorem.

1_

0 T T T T
0.6 0.8 1.0 1.2 1.4
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Distribution of MLE of exponential parameter

1.4{ — exponential MLE forn =5 251 — exponential MLE for n =20
—— @Gaussian —— Gaussian
1.2
2.0
1.0
cﬁ . b :'"" 1.5_
0.6 - 1.01
0.4 1
0.2 0.5 -
00 T T T T T T T 0,0 T T T T T T
0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00 0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
T T
4.01 —— exponential MLE for n =50 5] — exponential MLE for n =100
35. —— Gaussian —— Gaussian
3.01 4
2.5
™ & 37
= 2.0 =
1.5- 2
1.0
l_
0.5 -
0.0 i T T T T T T 0 I I T T T T T
0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00 0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
t t
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Multiparameter graphical method for variances

Expand InZ(6#) to 2" order about MLE:

A Oln L A 1 9%In L A .
In L(8) ~In L(8 i— )+ =S 2 0, —6,)(0; — 6,
nL(6) / ®)+3 Z5 |, =0+ 3 > w00, |, O~ )6 =)
In L, Zero relate to covariance matrix of
MLEs using information
(in)equality.

1 . R
Result: InL(0) = In Lyax — 5 Z(Qz — 97;)1/@-;1(93' —0))

1,J

1
So the surface InL(0) =1n Lyax — 5 corresponds to

o

(0 —8)"V~1(0—-0)=1, which is the equation of a (hyper-) ellipse.
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Multiparameter graphical method (2)

Distance from MLE to tangent planes gives standard deviations.
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