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General Info

The exam is in-person. Full details will have been communicated to you by
RHUL administration. If not, please contact epms-school@rhul.ac.uk

The exam time is 2 2 hours, with extra time for special circumstances
authorised as appropriate.

Exam counts 80%, coursework 20% of module; module pass mark is 50.
The examination is closed-book and no notes are allowed.
You do not need a calculator for the exam.

The final details regarding venue, times, special arrangements, etc., are made
through the RHUL admin team in conjunction with your College’s Physics
Department — please turn to them (not me) for any questions about these
matters.

Every effort has been made to ensure that the exam does not contain any
errors. If you believe a question has a typo, it will not be possible to query this
during the exam. If you suspect a question contains an error, you should
explain what you believe the problem is and proceed on the basis of your
stated assumptions.
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Exam format

Answer any 3 questions out of the 5.
No credit is given for work on any further questions.

You must indicate on the cover of the exam book which

guestions you have attempted and want to have considered for
marking.

Just to be safe, if you have a partially attempted question in
your exam booklet that you do not want to have marked, it is
best to indicate this clearly in the booklet.

If you write down answers for more than 3 questions but do
not indicate which you want to have considered, then you run
the risk that the questions marked be not those that you
intended.
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Reminder of revision resources

There are past exams and (some) solutions on:

http://www.pp.rhul.ac.uk/~cowan/ph4515/

Solutions for the papers since 2011 will not be posted, except for
those problems worked in discussion sessions.

Remember that the solutions to the problem sheets are contained
in the discussion notes on moodle (PS n discussed in week n+3).

And here is a note with some advice on reviewing for the exam:

http://www.pp.rhul.ac.uk/~cowan/ph4515/ph4515 review.pdf

You should be able to make relevant approximations where appropriate (e.g., when
prompted to do so in the question), using, for example, expansions for small € such as

In(l+¢) ~ ¢,

(1+e)* = 14ae.
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Brief course overview

Probability, Bayes’ theorem

Random variables and probability densities
Expectation values, error propagation
Catalogue of pdfs

The Monte Carlo method

Statistical tests: general concepts

Test statistics, multivariate methods
Goodness-of-fit tests

Parameter estimation, maximum likelihood
More maximum likelihood

Method of least squares

Interval estimation, setting limits

Nuisance parameters, systematic uncertainties
Examples of Bayesian approach
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Probability, Bayes’ theorem

For all AC S,P(A) >0

: P(S) =1
Kolmogorov axioms

If ANB=0,P(AUB) = P(A) + P(B)

. . __ P(AnB)
Conditional probability P(A|B) = P(B)
P(B|A)P(A)
’ P(A|B) =
Bayes theorem ( | ) Zz P(B|AZ)P(A@)

Interpretations: frequentist, subjective (degree of belief, Bayesian)
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Random variables and probability densities

Discrete — probability (mass) function

P(z;) = p; ZP(%) =1

Continuous — probability / a Pla <z <b)

density function (pdf)

Cumulative distribution /_OO f(@')dz' = F(x)
Joint pdf / /ffvl,--., )dzy---dz, = P(x € R)

Marginal pdf fo(z) = /f(:c,y) dy

Fla ~ f(z,y)
ol glaly) = fu()
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Functions of r.v.s, expectation values, error propagation

s (a)
Function a(x) of random variable x, | '
pdf of a: S
T
a da,=/ x) dx 2 ¢ R
g(a)da= [ f(a) R

Expectation (mean) of x Ez] = f:cf(:c) dr = p

—_— (0)
Variance of x  V[z] = E[z?] — p° = E[(z — p)?] /\

!
Covariance of x, ¥ cov[z,y] = Elzy] — peiy H
Oy 0
“Error propagation” for Vy(x)]: Vg~ »_ (35 35) covlzi,
?:,j ¢ J X=u
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and many more

Catalogue Of pde (but know these)
L N!
Binomial  P(m;N,p) = (N — m)!pm(l —p)N"™ _ E[m]=Np,
V[m] = Np(1 - p)
Poisson  P(n|y) = Z—Te_”, n=01,.., Enl=v, Vin=v
Uniform f(ela,f) = 51—, a<ws<p, Bll="5E, vig=L20

Exponential  f(z|¢) = ée‘“’/‘f , 0<z<oo, E[z]=¢, Vz]=¢

1

2o

e @27 Bla] =y, V] =0

Gaussian f(z|p, o) =

Central Limit Theorem:  distribution of ¥y =) =
1=1

tends to Gaussian when n — oo (under specific conditions)
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The Monte Carlo method

Random number generator to produce » ~ U[0,1]

%Tl,...,?ﬂn

Convert sequence of r values to x values for x ~ f(x)
Transformation method:

Find cumulative distribution F(x)

g(r)

= 05
Set F(x) = and solve for x(r) h oo | o

Acceptance-rejection method: ol |
Generate points uniform under |
enclosing curve °T T
Accept x if point is below f{x). "2 o
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Hypothesis tests: general concepts
Define test of H, by specifying critical region W:
PxeW|Hy))<a a = size of test (small, e.g., 0.05)

If observe data x in W, reject H,.

Choose critical region to maximize power with respect to relevant

alternative H;:
M(Hl) = P(IB (S WlHl)

Cseany  FrVHY)
™

Powe‘f UJ"'(*' H\ ’
M (H)

, x
stze A
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Test statistics, multivariate methods

Define boundary of critical region by statistic #(x) = ¢..

_ P(x|H)
P(x|Ho)

Neyman-Pearson: optimal W from t(x)

But often cannot compute likelihood ratio, need to use
multivariate methods (Machine Learning), adjust parameters of
statistic using training data.

Linear discriminant (Fisher)
Neural networks
Naive Bayes, KDE

Boosted Decision Trees

Issues: overtraining
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Goodness-of-fit tests

x. a

J

Quantify compatibility
between observation
X.ps and predictions of
hypothesis P(x|H) with
p-value:

p= Plx € welxp:)|H)

Xobs

\

w.={x:x “less
or eq. compatible”
with H }

w-={x:x “more
compatible” with H }

:xi

= probability, under assumption of H, to observe data as
discrepant with H as the data we got or more so.

Define region of equal/lesser
compatibility with #(x) > ¢,

pH=/ f(t|H)dt=/
t $xctlix) 6.

obs

f(x|H) dx
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Parameter estimation, maximum likelihood

O(Z) =function of data (written with hat)
Want small bias p = E[é] — @ andsmall variance V[6]

(cannot in general minimize both simultaneously)

Maximum Likelihood:

maximize L(0) = P(d0) | | | <o b L

Variance of MLE:
e Sometimes closed form
e Monte Carlo

)
—>» 0! \

* Information inequality e o
N
2 2
V[Q]Z(l—l-%) /E[—Lag‘zl’] Z

* Graphical method
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Asymptotic properties of likelihood and MLE

1.41 — exponential MLE forn=5

Likelihood becomes Gaussian in shape | — caussan

T)
o
(o]

MLE consistent, asymptotically unbiased =

MLE Gaussian distributed 0

0.0 T T T T T T T i
0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00

T

4.0{ =—— exponential MLE for n =50

Information inequality becomes 3| T S

3.01

equality: 2]

2.0
1.51

wd_ [aQ lnL] os

] 892893 9800 025 050 075 1.20 1.25 1.50 1.75 2.00

flT)

N 6%1In L
00,00,

Estimate using V! =

Z
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Method of least squares

10
Independent measurements: 8

wx; 0)

yi~ Gauss(u(x,0), o), i=1,..N  w °

Maximizing InL equivalent to o
minimizing 05 3 I R
N
3 i 0 %
Y2(0) = Z y u(gj ) = —21In L(0) + const.
= | 0-7;

or for correlated data  x?(0) = (y — u(0)1Vi(y — n(8))

For variances of estimators use same technology as for MLE.

Minimized y> — p-value (goodness of fit)
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Interval estimation, setting limits

Test (size o) hypothesized parameter value @ for all 6.

Set of 6 values not rejected = confidence interval atCL=1 —a
Equivalently, critical region of test = data that gives p, < a

To find boundary of interval, set p, = a and solve for 6.

P(conf. interval “covers” 0|0) > 1 — a

Approximate construction from g
M . . "_AA 2 a A.
likelihood function B g Tt t+AtL,
log L.,
InL(0) =InL(6) — %FX—21(1 -
! 45 |+
log L. —1/2
-5 ! 1
0.5 1 o 2
¥ 17
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Systematic uncertainties and nuisance parameters

In general, our model of the data is not perfect:

model: P(z|u) = px

E _-7 truth: P(ﬁ?lﬂ) :u$+a$2+/@$3+
=
R
X
Can improve model by includin
° Y & Palp) > Palu0)

additional adjustable parameters.

Nuisance parameter € systematic uncertainty. Some point in the
parameter space of the enlarged model should be “true”.

Presence of nuisance parameter decreases sensitivity of analysis
to the parameter of interest (e.g., increases variance of estimate).
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Some Bayesian methods

Bayes’ theorem gives

0.251 —— Flat prior
(9| ) L(m|9)7"(9) 0.20 ,:3Jeffreys Prier
T) =
P f L(ZE'Q’)’]’(‘(Q’) dgl E: 0.15-
= 0.10
Bayesian interval/limit from e.g. .
- 0.00
L —l = / p(pin) dp 0 2 2 p z T
0 [

MCMC for-marglr-\allzmg posterior p(0o|z) = /P(90,91|$) 61
(Metropolis-Hastings)
Bayes factor for model selection:

_ P(x|H;) = posterior odds if one takes
Pix|i;) prior odds equal to one.
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2019 Exam Question 5(a)

5. Suppose y; follows a Gaussian distribution with unknown mean x and known
standard deviations o¢;, and one has an independent sample 4 = (y1,...,yn)-

(a) Write down the likelihood function for 1 and show that the maximum-likelihood

estimator is N
Ei:l yi/aiz

Ziil 1/‘7@2 '

o=
[6]

5(a) [6 marks] The N Gaussian variables y; are independent and so the likelihood function is
the product of their pdfs,

A Uy
L(p) = e~ Wimh)"/20;
(1) 131 oo
and the log-likelihood is therefore
N 2
1 (v — )
InL(p) =—= ~——+C

where C represents terms that do not depend on u.
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2019 Exam Question 5(a)

5. Suppose y; follows a Gaussian distribution with unknown mean x and known
standard deviations o¢;, and one has an independent sample 4 = (y1,...,yn)-

(a) Write down the likelihood function for 1 and show that the maximum-likelihood

estimator is N
Ei:l yi/aiz

Ziil 1/‘7@2 '

o=
[6]

5(a) [6 marks] The N Gaussian variables y; are independent and so the likelihood function is
the product of their pdfs,

A Uy
L(p) = e~ Wimh)"/20;
(1) 131 oo
and the log-likelihood is therefore
N 2
1 (v — )
InL(p) =—= ~——+C

where C represents terms that do not depend on u.
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2019 Exam Question 5(a)

Setting the derivative of In L to zero,

311113:%(%—#) _0

and solving for u gives the maximum-likelihood estimator

z—l yz/o
z=1 1/Ji

=

G. Cowan / RHUL Physics Statistical Data Analysis / Exam Revision Session
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2019 Exam Question 5(b)

(b) Show that the estimator is unbiased and find its variance. [6]

5(b) [6 marks] Using E[y;] = u, the expectation value of j is

J\Llyi/(ﬂ al
Em]:E[EEIUJ;I z;_ o7 LBt = p,

and therefore the estimator is unbiased. Using V[y;] = 02, the variance is found to be

N N
Vig]=Vv [ c1ti/; ] = ( : 5> Vyil/oi = 1

z—l 1/0 iil 1/0’22) =1 z—l 1/ 2
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2019 Exam Question 5(c)

(c) Explain how the method of least squares stands in relation to the method of
maximum likelihood for this problem. [2]

5(c) [2 marks] As can be seen from the expression for In L from (a), maximizing the log-
likelihood function is equivalent to minimizing

and so for this problem the methods of maximum likelihood and least squares are equivalent.
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2019 Exam Question 5(d)

For parts (d) and (e) consider the Bayesian approach to inference about .

(d) Show that the Jeffreys prior 7;(1) is a constant. [6]

5(d) [6 marks] The Jeffreys prior is 73 o« /I, where I = —E[0%InL/du?] is the Fisher
information. The second derivative of In L is

92InL N o
o2 = _Z_

which is independent of the data and thus equal to its expectation value. The Fisher information
is therefore

Therefore the Jeffreys prior is

which is constant as it does not depend on u.
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2019 Exam Question 5(e)

(e) Using the Jeffreys prior, show that the posterior probability p(u|y) has the

form
(e —p)?
P(ﬂly")ocexp[ 5 o2 :

where 4 and o; are the same as the maximum-likelihood estimator and its
standard deviation, as found in (a) and (b). (Hint: for the argument of the
exponential, assume a quadratic function in i and relate the coefficients to
those of a Taylor series, then complete the square.) [12]

5(e) [12 marks] Bayes’ theorem says that the posterior for y is

N 2 2
- - 1 1 (yi — p) 1 & (yi —p)
X s X €x — X ex — = .
p(u|) o< p(glp)ms(p) @-|=|1 g, P [ 3 o2 P|=5 2

The argument of the exponential is a quadratic function in u, so we can write it as

f(”):ZM=aM2+bu+C=f(0)+ ==
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2019 Exam Question 5(e)

By identifying a, b and c as the coefficients of a Taylor series, we have

N y2
c = f(O) = Z —22 )
i—1 Y%
of Yy,
b f— —_— f— —2 —_—
8/"’ u=0 ; 022 ’
1 0*f 1
a = — = — .
2! Ou? P o?
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2019 Exam Question 5(e)

and therefore we can write

N 2 Sy
Z ,1,) _ (w 2#) L C
7

=1

with

b £\11yi/052 2 b
7 = &= h_—_l E /o C=-—+c
YT N e f7i |

which shows the desired result where /i and aﬁ are indeed the same as found for the maximum-
likelihood estimator.
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2019 Exam Question 5(f)

For the following parts suppose the result of the observation is characterized only
by £, which is Gaussian distributed about x with standard deviation ¢,. We wish
to test the hypothesis u = uo with respect to an alternative u = u; < ppo.

(f) Sketch the distribution of /. and show a critical region for the test, indicating
its size a and power M with respect to the alternative. Show that the critical
region of the test is given by i < u., where

te = o — 0,87 (1 — ),
where ! is the quantile of the standard Gaussian. [6]

5(f) [6 marks] A sketch of the distribution of of & for 4 = pg and g = p1 < po is shown in
Fig. 4.

Figure 4: Distributions of ji for u = ug
and p = 1 < po, indicating the critical
region [ < uc, the size o and power M
of the test.
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2019 Exam Question 5(f)

The boundary of the critical region u. for a test of size a of u = po is determined by the
requirement

“ He 1 —(fi—wo)2 /202 ;- He — HO
(l“’ IJ'C|IJ‘O) e mo_ﬁ 1% op ’

where @ is the standard Gaussian cumulative distribution. Solving for u. gives
pe=po+0p® (@) =p—0p® (1 -a),

where for the final equality we used the property of the standard Gaussian quantile ®~ (o) =
—o71(1 - a).
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2019 Exam Question 5(g)

(g) Find the power of the test M with respect to the alternative u = p; in terms
of u. and a. 2]

5(g) [2 marks| The power of the test relative the alternative pu = 4 is

X He 1 (a—p1)2/202 ;- Pe — H1
My = P(p, < p,clp,l) :/ me (a—p1)*/2 ”dﬂ': (I)( —~ ) .
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2019 Exam Question 3(a)

3. Suppose that the outcome of a measurement consists of two independent values,
y and v, which follow

— —(y—n)?/202
= e ,
fy(v) o
( . )V/Q / /
_ 202 v/2—1 —vv/202
fo(v) = (v /2) v e :

Here I' is the Euler gamma function and v is a known constant. Suppose the

parameters p and o2 are both unknown; 1 is the parameter of interest and o2 is a
nuisance parameter.

(a) Show that the log-likelihood function can be written as

2

1 _ 2
lnL(u,02)=—§ (1—|—1/)lna2+(yaﬂ) +g +C,

where C represents terms that do not depend on the adjustable parameters
@ or o2,

-
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2019 Exam Question 3(a)

3(a) [6 marks] The random variables y and v are independent, and therefore the likelihood
function is the product of their pdfs:

1 _ -2 \ 202
L(p,0%) = ——ge™ o> (2 =

v/2
2 U/Z—le—yv/Qoz .

The log-likelihood is therefore

1 1
InL(p,0?) = —511102—5%4—041116 pv+C
1 o (y—p)? ,
= —5 (].—|—I/)1110' +T+J2 —|—C

where C and C’ represent terms that do not depend on p or 2.
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2019 Exam Question 3(b)

(b) Show that the maximum-likelihood estimators 4 and o2 and the profiled esti-
mator ﬁ(u) are

b=y,
~ 120
2 =
’ l4+v’
e vu + (y — p)°
o2 = :
(1) T+
[10]
3(b) [10 marks] Setting the derivative of In L with respect to o to zero gives
OlnL  1(1+v (y—p) v (1)
do2 2| o2 (02)2 (02)2|
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2019 Exam Question 3(b)

Solving for o2 as a function of u gives the profiled value

. vo + (y — p)?
)= —F

Setting the derivative of In L with respect to u to zero gives

OlnL y—pu

=0. 2

Solving Egs. (1) and (2) simultaneously for p and o2 give the maximum-likelihood estimators

wo=Y,
2 = 2
1+v
G. Cowan / RHUL Physics Statistical Data Analysis / Exam Revision Session
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2019 Exam Question 3(c)

(c) Suppose we use the statistic

~

L(u, 9&#))
L(jx,0?)

to test hypothesized values of x. Using the ingredients found above, show
that ¢, is

t,=—2In

t= (40 [14 LOZE0)

14 v

[8]

The parametric form of f,(v) was chosen such that the expectation value and
variance of v are E[v] = 0% and V[v] = 20*/v, i.e., v is an estimate of the variance
o%. Let s = \/v be the corresponding estimator for o.

3(c) [8 marks| Using the ingredients found in (a) and (b) we can find the profile log-likelihood,

1nvv+(y—ﬂ)2+(y—u)2(1+V) vo(l+v) | o

= 1
InL 2)=—- (1
n L(p,0?) (1+v) 1+v vo+(y—p)? o+ (y—p)?

2
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2019 Exam Question 3(c)

and also the maximum of the log-likelihood,

—

1
In L(ji,02) = —5(1 + v) [l +ln —~

1+v

[+,
where the constants C' are the same in both expressions above. The statistic ¢, is therefore

L(’f’ ) _ 1+0)n ™ +1(y —w)? l+v (14w +_(y - u?
L(, 02) + v VU v+ (y — )

1 (y—u)2] |

14 =
v v

ty, = —2ln (1+v)

= (I1+v)ln
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2019 Exam Question 3(d)

(d) Assuming that one approximates E[v] ~ (E|[s])?, show using error propaga-
tion that the ratio of the standard deviation of s to its mean is

[6]

3(d) [6 marks] The estimate s of o is s = v'/2. Using error propagation to find the standard
deviation of s gives

@
ov

Ev]

1

El] 2

DO =

Og = Oy =

E[v]

Using E[v] = 02, V[v] = 20*/v and E|[s] = /E[v] (all given) we find

O-S O.S 10-1; 1 22]_
= —\/ O 72:7
g

Els] ~ VER 2Ep]  2Vv Vv
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2019 Exam Question 3(e)

(e) Starting from the pdf f,(v) given above, find the pdf for s in terms of the

parameters v and o2. [5]
3(e) [5 marks] The pdf of s is
dv
o(s) = 2] f(u(s)
where the pdf for v is
y v/2
_ (W) v/2—1_—vv/20?
f(v) = C(/2) v e :
Using v = s2 we have dv/ds = 2s and therefore
( y )1//2 ( . )V/2
_ 202 2(v/2—-1) ,—vs?/20% _ 202 v—1_—vs? /20>
— 9527 ) — g ) .
g(s) =2s 0 /2) s e T(v/2) s’ e
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2019 Exam Question 3(f)

(f) Show that in the limit where v is very large, the statistic ¢, becomes

(y — 1)

2
o2

t'uJN

[5]

3(f) [5 marks] Having v — oo means o2 = 20%/v — 0, i.e., the estimate v is always equal to
o?. Expanding the logarithm using In(1 + €) ~ ¢ for small € and replacing v by o2 gives

t,=(1+v)ln

1+1(y—u)2] N
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